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Abstract

We define a graph to be S-regular if it contains an equitable partition given by a matrix S.
These graphs are generalizations of both regular and bipartite, biregular graphs. An S-regular
matrix is defined then as a matrix on an S-regular graph consistent with the graph’s equitable
partition. In this paper we derive the limiting spectral density for large, random S-regular
matrices as well as limiting functions of certain statistics for their eigenvector coordinates as
a function of eigenvalue. These limiting functions are defined in terms of spectral measures
on S-regular trees. In general, these spectral measures do not have a closed-form expression;
however, we provide a defining system of polynomials for them. Finally, we explore eigenvalue
bounds of S-regular graph, proving an expander mixing lemma, Alon-Bopana bound, and other
eigenvalue inequalities in terms of the eigenvalues of the matrix S.

1 Introduction

Let G be an undirected, simple graph, that is a graph with no loops or multiple edges. We say G
is S-regular if G has an equitable partition given by the matrix .S. These graphs are generalizations
of both regular and bipartite biregular graphs; the former having an equitable partition given by
just the set of vertices and the latter having an equitable partition given by the bipartition. We
define an S-regular matrix as a matrix on an S-regular graph which is consistent with the graph’s
equitable partition. The goal of this paper is to understand various spectral properties of families
of S-regular matrices.

In [16], McKay derived the expected spectrum of large, random d-regular graphs. These results
were tied to the counting of closed walks. Godsil and Mohar further refined the relationship between
spectra and closed walks in [10], showing how the expected spectral distribution for certain classes
of graphs could be approximated by a limiting graph for those classes. Both sets of results required
sequences of large graphs to converge to a limiting graph. Independently, both Wormald [21]
and Bollobas [5] showed the short cycle distribution in large, uniform-random d-regular graphs
are almost independent Poisson variables in the length of the cycles; importantly showing large,
random, d-regular graphs are locally tree-like and enabling the results of [I6] and [10] for d-regular
graphs.

More recently, similar techniques have been applied to the study of eigenvectors of d-regular
graphs; see, for example [7, 9 B]. These authors show that, with high probability, the eigenvectors
of the adjacency matrix of a large, random, d-regular graph are delocalized. Informally, the mass
of an eigenvector is not centered on a small number of coordinates.

In this paper, we extend these ideas for d-regular graphs to S-regular matrices. We show
large, random, S-regular graphs are locally tree-like, thus having the S-regular tree as a limiting



graph in the vein of [10]. Consequently, the spectral measures of the S-regular tree can be used to
approximate the expected spectral measures of large, random, S-regular matrices. Further, we show
these measures can be used to approximate the limiting cumulative distribution function for the
variance of normalized-eigenvector coordinates. We conjecture that, not only are the eigenvectors
of these graphs delocalized, but with high probability have a variance approximated by the density
of the corresponding cumulative distribution functions.

While the limiting spectral measure of large, random, d-regular graphs has a closed form ex-
pression, in general, this is not the case for S-regular graphs. Instead, we derive a defining system
of polynomials of the various spectral measures of an S-regular tree. Using these polynomials, we
provide numerical approximations for the expected statistics of large S-regular graphs and compare
them to empirical data.

Finally, We show that several well-known eigenvalue bounds for the adjacency matrices of
regular graphs have natural generalizations to S-regular graphs. We prove generalizations of the
expander mixing lemma and the Alon-Boppana bound. We also prove a diameter bound and a
bound on walks avoiding a fixed subgraph. Figenvalue bounds for regular graphs often rely on the
largest eigenvalue and corresponding eigenvector of the adjacency matrix. For d-regular graphs,
these are just A = d and = = 1, the all-ones vector (in terms of [d]-regular graphs, these are the
eigenvalue and eigenvector of [d]). We generalize these d-regular eigenvalue bounds by, instead,
considering the eigenvalues of S and their corresponding eigenvectors.

The study of S-regular matrices on trees has recently been explored by Avni, Breuer, and Simon
[2], though under the name of periodic Jacobi operators. Here, the authors consider S-regular trees
and operators for which S is the adjacency matrix A of an undirected simple graph without leaves.
They show that the Stieltjes transform of spectral measures on these trees are algebraic and use
this fact to deduce properties of the spectrum of these operators. We generalize this statement
to general S-regular graphs. We note, if A is S-regular for S # A, then the S-regular tree and
the A-regular tree are the same graph. However, while all S-regular matrices are also A-regular
operators, the converse is not true.

The remainder of this paper is organized as follows: in Section [2| we provide definitions and
background that will be used throughout the rest of the paper; in Section [3|we characterize expected
spectral properties of large S-regular graphs; and in Section [4] we present eigenvalue bounds for
families of S-regular graphs.

2 Preliminaries

Throughout this paper G = (V, E) will be a simple, connected, undirected graph with |[V| =n
and adjacency matrix Ag, or simply A when the context is clear. Because A is symmetric, there
exists an eigenvalue decomposition A = ®TA® where the columns of ® form an orthonormal basis
of eigenvectors for A. The standard basis vectors for a vector space will be denoted e; and the i-th
component of a vector ¢ will be denoted ¢(i). For B,C C V we denote the set of edges between B
and C by E(B,C). By N(v) we denote the neighborhood of v and by Ng(v) we denote N(v) N B.

We call a partition Vp,..., Vi of V an equitable partition if there is a matrix S (called the
quotient matrix or degree refinement matrix of the equitable partition) such that each v € V; has
exactly s;; neighbors in Vj. In mnotation, |[Ny,(v)| = s, or v’s degree in Vj is s;;. If G has an
equitable partition given by some matrix S we say that G is S-regular. All S-regular graphs will be
assumed to have an equitable partition Vi, ..., Vi, where S € M}, and V; # (). Note that S-regular
is a generalization of d-regular, a graph such that every vertex has degree equal to d by simply
viewing the scalar d as a 1 x 1 matrix [d]. A graph G is always Ag-regular.



We will use the following notation |V;| = n;, B; = V; N B for B C V, and b; = |B;|/n;. Note
that Zle n; = n and Zle |B;| = |B|. Because G is assumed to be undirected, we have the
following balance equations sijn; = sjn; for all 1 <4,j <k (both quantities equal |E(V;, Vj)|). If
S is fixed, n;/n is constant for all S-regular graphs. We call the subsets Vi, ...,V the cells of the
equitable partition and 7: V' — {1,...,k} is the cell function which maps a vertex v € V; to the
index of its corresponding cell 7. The indicator function of a set will be denoted 15. In an abuse
of notation, the indicator vector will also be denoted 1; € R"™ where J C [n]. The all-ones vector
is then 1 = l[n]

The underlying graph of a matrix T is a directed graph G with |V| = dim(7") and an edge
between v; and v; if and only if T;; # 0. If T is a matrix with underlying graph G, a T-weighted
walk of length € is a walk of length ¢ on G along with a product of all the weights of the edges
traversed. In this paper, we consider only Hermitian matrices, so we may assume all underlying
graphs are undirected. We denote the number of closed walks of length ¢ starting and ending at
vertex v as W (v) and the sum of weights of all of those T-weighted walks as wé@ (v).

We define an S-regular matrix to be a Hermitian matrix T" with underlying graph G satisfying
the following properties:

1. G, without loops and undirected, is S-regular,
2. there exists b € R¥ such that, if u € Vi, Ty = b(4),

3. there exists F' € My (C) such that Fj; # 0 for all 1 < 4,j < k and, if u € V; and v € V},
Ty = ij-

We will refer to the vector b as the vertex weights and the matrix F' as the edge weights of T'. If
(G is an S-regular graph, its adjacency matrix, combinatorial Laplacian, and normalized Laplacian
are all examples of S-regular matrices. The spectrum of an operator 7' will be denoted o(T"). The
spectral density of a finite-dimensional operator 1" will be denoted

ATIB) = gy 3 mon@)

where m(A) is the multiplicity of A and B C C.
The following result serves to provide some intuition about the connections between S-regular
matrices and the quotient matrix S.

Proposition 2.1. For an S-reqgular matriz T with vertex weights b and edge weights F,
1. the matriz (S o F') + diag(b) is diagonalizable where S o F' is the component-wise product of S

and F' and diag(b) is the diagonal matriz with entries b,

2. if X is an eigenvalue of (S o F') + diag(b) with eigenvector ¢ € R”, then X is an eigenvalue of
T with eigenvector ¥ € RV where ¥ (v) = (7 (v)),

3. if ¢ is an eigenvector of T whose corresponding eigenvalue is not an eigenvalue of (S o F') +

diag(b), then > ¢(v) =0 and ) ¢(v) =0.

veV; veV
Proof. 1. Let N be the diagonal matrix with N; = n;. Then
N'2[(S o F) + diag(b)]N~/2 = N'2SN~Y2 o F + N *diag(b) N~ 1/2.

By S-regular balance equations, N'/28N~1/2 is symmetric and so N'/2SN~1/20 F+ N'/2diag(b)N /2
is Hermitian and is thus diagonalizable. Hence, (S o F') 4+ diag(b) is also diagonalizable since
the two matrices are similar.



2. Let v € V;. Because T is an S-regular matrix and the vector 1) defined above is constant
across the cells V;:

(T) (v) = Todh(v) + Z > Tt (u

1 u~v
J= ueVj

1 u~v
= ueVj

k
+ Y Fysid(3) = (i) = X(r(0)) = M(0).
j=1

Therefore, v is an eigenvector of T with eigenvalue .

3. Because (S o F) + diag(b) is diagonalizable, there exists a basis for R¥ of eigenvectors of
(SoF)+diag(b), {1)i}¥_,. Therefore, e; can be written as a linear combination e; = Zle ci;.
If ¢, are eigenvectors of T corresponding to 1);, then 1y, = Zi:l cih;. Suppose ¢ is an
eigenvector of T" whose corresponding eigenvalue is not an eigenvalue of (S o F') + diag(b).
Then, because T is Hermitian, (¢,1;) = 0 for all 1 < i < k and so (¢,1y;) = 0 for all

1 < j < k. Consequently, (¢,1) =0
]

Proposition [2.1] splits the eigenvectors of an S-regular matrix into two types: those correspond-
ing to (S o F') + diag(b) and those with mean 0 across all partition cells. When w =0 and F =1,
we obtain the following corollary for the adjacency matrix of an S-regular graph:

Corollary 2.2. For an S-reqular graph G with adjacency matriz A
1. the matrixz S is diagonalizable

2. if A is an eigenvalue of S with eigenvector ¢ € R¥, then X is an eigenvalue of A with eigen-
vector ¥ € RV where 9 (v) = 1 ((v)),

3. if ¢ is an eigenvector of A whose corresponding eigenvalue is not an eigenvalue of S, then

> o(v) =0 and > ¢(v) =0

veV; veV

4. let Jp, be the matriz whose uv-th entry is W If M1, ..., Ap be eigenvalues of S with

corresponding eigenvectors 1, ..., Y, then,
k — =T
Tm =Y A Vis
i=1 H ’LH

Proof. 1- 3 These statements are immediate consequences of Proposition [2.1] when F' = 0 and
h—

4. We have
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Let ¢ be orthogonal to 1; for 1 < i < k. Then, by (3), Jn¢ = 0. Thus J,, has eigen-

k 7 ET
decomposition » A

O]

Define G(S) to be the family of S-regular graphs. We form a partial order on the quotient
matrices of equitable partitions by set inclusion of the corresponding family of graphs; S < S’ if
and only if G(S) C G(S). This partially ordered set forms a collection of disconnected lattices
[18], with each lattice corresponding to a shared universal cover and having a minimum, coarsest
equitable partition. We denote the S-regular tree T g, which is the universal cover of all finite
S-regular graphs. If G and G are two S-regular graphs, then it is always possible to create two
covering maps 7 : Ts — G and 75 : Tg — G such that 771 (V;) = 7, ' (Vi) for all 1 <4 < k.
Letting V;* := 7 1(V;), the set {V;*}F_, is an equitable partition of Ts. For this reason, shared
indices of multiple S-regular graphs will always correspond to the same pre-image in Tg. If T is
an S-regular matrix, T can be extended to an S-regular matrix 7™ with the same edge and vertex
weights as T' whose simple and undirected underlying graph is 7g. As shorthand, we will often
refer to T-weighted walks in this case as T-weighted walks on Tg.

An idrreducible matriz is a matrix whose corresponding directed graph is strongly connected.
For any connected S-regular graph G, the matrix S will be irreducible whose entries satisfy the
balance equations n;s;; = n,;s;;. To conclude the section, we show that for any irreducible S whose
entries satisfy a set of balance equations, G(S) # (.

Proposition 2.3. For any irreducible k X k matriz S with non-negative integer entries, if there
exists a non-trivial solution to the equations n;s;; = n;s;;, there exists a connected S-regular graph.

Proof. Suppose there exist {ni}le such that n;s;; = njsj. Then, for all o, an;s;; = an;sj;.
Without loss of generality, we assume n; is a positive integer such that n; > s;;, n; > s;; for all
1 <j <k, and n;s; is even.

Let V be a set with |V| = Zle n; with partition Vi,...,Vj such that |V;| = n;. An S-regular
graph is a set of s;-regular graphs connected in a bipartite (s;;, s;;)-biregular way, so we will
construct an S-regular graph by building all of its pieces individually. First, because n;s;; is even
and n; > s;;, we are able to construct an s;-regular graph on each V;. Next, because n;s;; = n;sj;
and n; > s;; for all i and j, we can construct a bipartite, (s;;, 5;;)-biregular graph with bipartition
(Vi, V;) with the set of n;/sj; disjoint, complete bipartite graphs K, s,;. Putting all these pieces
together, we have an S-regular graph. If the graph is disconnected, each connected component will
be S-regular as well. And so, there exists a connected, S-regular graph. O

3 Large random S-regular graphs

3.1 Configuration model

The configuration model is a method for sampling uniform random d-regular graphs originating
with Bollobas [5]. Much work has been done on models for random d-regular graphs and we rec-
ommend the survey of Wormald for an overview [20]. Notably, the configuration model has been
expanded to bipartite biregular graphs [15, [6]. Since an S-regular graph decomposes into indepen-
dent regular and bipartite biregular graphs it follows that we can use the configuration model to
sample uniform random S-regular graphs by sampling each piece of the graph independently.

We give a brief description of the configuration model for S-regular graphs. For each cell in the
equitable partition we have a set V; = {v;1,...,v;,,} and for each pair of cells we have the set of



half-edges Em ={(vig, £) | 1 <k <mny,1 <L <s;;}. By the balance equation we have \Elj] = |E]Z|
For i < j let m;; be a uniform random permutation on {1,... ,sijni} and set mj; = 771-31. For vy € 'V,
and vj € V; we place an edge between v, and v if and only if 7 ((¢' —1)s;;+€) = 7;((5'—1)sj+¢)
for some £, ¢'. Note that this process may produce non-simple graphs, however by preconditioning
on the event that we sample a simple graph we obtain a uniform random graph. See [5] for more
details.

3.2 Locally tree-like

For our results about the expected spectrum of an S-regular graph to hold it is necessary to
show that large, random S-regular graphs are locally tree-like. In particular, we need to show that
for a large enough S-regular graph within any ball of fixed radius the expected number of cycles is
close to zero. This allows us to prove statements about large, random S-regular graphs by working
with the universal cover, the S-regular tree. Our proof computes the expected number of cycles
within a ball of fixed radius by revealing the edges of a breadth-first search one at a time. This
technique was used for similar results for d-regular and bipartite biregular graphs [15] [6].

Lemma 3.1. Let G be an S-reqular graph on n vertices uniformly sampled from the configuration
model. For any vertexv € V let X, be the number of cycles in the ball B, (v), then E[X,] = ©(1/n).

Proof. Perform a breadth-first search on v using the configuration model to reveal one edge at a
time. We perform the breadth-first search until the entire ball B,(v) is revealed. Each edge is
revealed by matching a pair of half-edges. Let Ay denote the event that the kM edge revealed
at depth ¢ creates a cycle. This can only occur if the edges endpoint is one of the k — 1 vertices
already revealed at depth ¢. Without loss of generality assume that the edge connects cell ¢ with

cell j. There are at least Zle din; — 2di-L unmatched edges remaining in G. Hence,

prigg = "5 B Dl 1) _ g (1)

k i+1
Zi:l dznz - Qd;r—fax n

The probability that there are k cycles in B, (v) is asymptotically equivalent to a binomial distri-
bution on at most ditl trials, so Pr[X, = k] = ©(1/n*). The expected number of cycles is given

by

RSO0

which completes the proof. O

With Lemma we can show that for large, random S-regular graphs the number of closed
walks of length £, in some sense, converges almost surely to the number of closed walks of length /¢
on the S-regular tree. Consequently, the sum of weights of weighted, closed walks will also converge
to the sum of weights of weighted, closed walks on the S-regular tree.

Theorem 3.2. Let {T,,}2°, be a sequence of S-reqular matrices with shared vertex weights and
edge weights and {v,}5° ;1 be a sequence of vertices of their underlying graphs with v,, € Vi with
dim(T,,) — oo. If T* is the corresponding S-reqular matriz on T g with self-loops determined by
vertexr weights and v* € V;*, then,

VA a.s. 4 *
w(T)(vn) — w(T*)(v )

n



Proof. Let £ > 0 and consider the ball B, = B 1 (vn). All closed walks of length ¢ will be contained
in this ball. We partition these closed walks into two types: acyclic backtracking walks with self
loops, and the excess walks. The acyclic backtracking walks with self loops, denoted abt,(v,,), are
closed walks that contain no cycles, except self loops and the entire walk, such that each time a
non-loop edge is traversed, it must be traversed again in the opposite direction at some point. The
excess walks, denoted exy(vy,), contain all other closed walks. Acyclic backtracking walks with loops
starting at v, are in one-to-one correspondence with closed walks starting at v* the S-regular tree
with self loops where dictated by vertex weights.

The quantity exy(vy,) is dependent on the number of cycles in B,,. For any fixed cycle v in B,

the maximum number of closed walks containing - is bounded above by a constant since they are
Elex¢(vyn)] = O (ﬁ) since it is bounded above
by the constant times the expected number of cycles in B,,. Therefore, as n — oo,

contained in a ball of fixed radius. By Lemma

E[W O (v,)] = E[abte(vn)] + Elexe(vn)] = abte(vn) + Elexe(vn)] — abty(vy) = WO (v*).

Because WO (v*) < W (v,), we have Pr { lim W (v,) =W (v*)} = 1. Because the number
n—oo
of closed walks of length ¢ converges almost surely and the edge and vertex weights are shared across
all T,, and T*, we have Pr [ lim w®(v,) = w® (v*)} =1 O
n—o0

3.3 Expected Spectral Properties of Large S-regular Matrices

A spectral measure is a projection-valued measure on a measurable space. Because we only
consider Hermitian operators, we will only consider spectral measures on compact subsets of R
with the usual Borel sets. We state the relevant theory for our purposes; but, for a thorough
introduction to the area, we suggest [I1]. Spectral measures with compact support in R are in
one-to-one correspondence with Hermitian operators given by

E < / AE(N),
R

where F is a spectral measure with compact support in R. When the support of E is discrete, this
correspondence is just a consequence of the spectral theorem for finite Hermitian matrices. The
corresponding operator A is finite dimensional and the support of E is equal to o(A), and, we have

E(B)= Y IM\L(B)& A= > A,
Aeo(A) AEa(A)

where B C R is a Borel set and II) is the projection onto the eigenspace of A.

We can induce real-valued measures from spectral measures using inner products. In particular,
the measure p;(B) = (E(B)ej,e;) is a probability measure. If a sequence of these measures are
induced from a sequence of S-regular matrices, the limiting measure is found using an operator on
the S-regular tree.

Theorem 3.3. Let {T,,}’2, be a sequence of S-reqular matrices with dim(T,) — oco as n — oo
with shared vertex and edge weights and E,, their corresponding spectral measures. Let {vy}22 | be
a sequence of vertices of their underlying graphs with v, € Vi(n), T* the corresponding S-reqular
matriz on T g with self-loops determined by vertex weights, E* its corresponding spectral measure,
and v* € V*. If p, = (Eney,,ev,) and p; = (E¥eyx, ey), then, almost surely, fu,, — i in
distribution.



Proof. Explicitly, we compute the j-th moment of w,, as

/ Ndu, = Z N (Mye,, , ey, ) = < Z NI, evn,evn> = (Tle,, e, ) = w%?(vn)
R

\Eo(Ty) Aea(Tn)

Because p; is a spectral measure and T = /)\d,ui, we have (T*)) = /)\jdui. And so the j-th

R R
moment of p; is wgzz(v*) By Theorem w%) (vy) 2 wgii (v*), and so, almost surely, i,
converges to u; in distribution. O

Summing over all vertices in the underlying graph of T}, we obtain the following corollary:
Corollary 3.4. Under the hypotheses of Theorem [3.3and if v; € Vi* for 1 < i < k and p; =

k
(E*v;,v;), then, almost surely, p(T,) — . ¢ipi in distribution.
i=1

Proof. The spectral density of T}, is the trace of the spectral measure F,, over the dimension of Tj,:

1 1 1
m(A)1x(B) = Vo) /\E;Tn) Tr(IL\)1A(B) = v Tr(En(B))

since the trace of a projection is the dimension of its range. The trace of F,, is the sum over the
measures i, for v € V(. By Theorem ifv e Vi(n), then p, converges to p; in distribution.

For each ¢, the sum includes ]Vi(n)| many measures converging to p; in distribution. Thus, Tr(E),)
k

almost surely converges to > ¢;u; in distribution. O
i=1

Informally, Theorem gives the limiting cumulative distribution for the square of a fixed

coordinate across a basis of normalized eigenvectors of a finite-dimensional, Hermitian matrix. If

{¢i}~, is an orthonormal set of eigenvectors with eigenvalues A\; < --- < X, of T with spectral

measure FE, we have:

n

po(B) = (E(B)ev,en) = D (1), In(B) = Y (¢:(v))* 1, (B).

Xeo(T) i=1

Because of the weak convergence of Theorem for large S-regular matrix with v € V;, we
have the cumulative distribution function approximated as

b
S (Giv)? ~ / dpii(V).

Ai<b

While we should not expect the corresponding probability density functions to look similar in
any way, evidence suggests that the probability density functions of averages of these measures are
close to the density function of u;. Coupled with the fact that most eigenvectors have mean 0 over
partition cells of the underlying graph, we present the following conjecture:

Conjecture 3.5. Let T be a large S-regular matriz and T™ the corresponding S-regular matriz on
Ts. If U CV; is a large enough subset of the i-th partition cell of the underlying graph of T, ¢ is
a normalized eigenvector of T with eigenvalue X, and u; is defined as in Theorem then, with
high probability



1. > ¢(u) =0,

velU

M w2 A~ 1i(A)
% g 2 O

where ¢; = |Vi|/|V].

The denominator on the right hand side of (2) appears because (¢(u % is a density of p, with
respect to p(T') whose limiting distribution is Zf cjpi(A) by Corollary

3.4 Spectral Measures on the S-Regular Tree

When S defines either a regular or biregular, bipartite S-regular graph, it is possible to find
the measures on Tg defined in Corollary [3.4]17]. However, for general S, no closed formula is
known. Typically, to compute these measures, one first finds a a generating function W (y) for the
sequence of closed walks starting at a particular vertex and then computes the inverse Stieltjes
transform of %W (%) Again, for the regular and biregular tree, these walk generating functions
can be computed explicitly. In this section, we develop a system of polynomials for which these
walk-generating functions are a solution, which, in general, have no closed-form expression.

In the S-regular tree any two vertices in the same cell of the equitable partition given by S
will have the same number of closed walks rooted at them. This is because for any vy,ve € V;
there is an automorphism on the S-regular tree mapping v; to ve. For this reason, and to save on

notation, we introduce the terms w9 and w®

p ; to denote the number of closed walks and sum of
weighted-closed walks, respectively, in the S-regular tree of length ¢ rooted at a vertex V;.
We begin this section with a sequence of technical lemmas describing the T-weighted walks on

the S-regular tree.

Lemma 3.6. Let T be an S-reqular operator with vertex weights b and edge weights F. The sum
of T-weighted, closed walks of length | on T g satisfy the following recurrence relations:

1w W) =1

2. WM = b(i), i = b(j)

(2

k
3. wy) = b(i)" + ZsijFij Z b(i)rwi(s)wg) , forl>1
7=1 r+s+t < [—-2

k
4- wﬁ) =b(j)' + Z (8jm — Gim) Fjm Z b(j)rwi(;)w](-gl , forl>1

m=1 r+s+t < [—2

Proof. (1) There is exactly one closed walk of length 0.

(2) Let u € V;. There is exactly one T-weighted, closed walk at v and it has weight b(:). The
same argument holds for wl(; ),

(3) Let u € V;. First, there a walk of length [ that consists of [ loops at w. This walk has weight
b(i)!. Next, we consider walks that eventually leave u. These walks start with some number of loops

less than [ — 2 at u because we leave u and eventually must come back. These steps have weight



b(i). Suppose r many loops have been traversed. After these loops, we sum over the weighted walks
of length | > 0 starting at u that return after exactly ¢ steps. We choose a v € V; to step towards
of which there are s;; choices. Because T g is a tree and we are considering closed walks, we will
traverse the edge from u to v and back which contributes a weight of Fj;. Once at this vertex, we
complete a walk of length ¢ without returning to u. The sum of these weighted walks is counted

®)

. We then return to u and have a walk of length s =1 — r —t — 2 remaining. The

(s)

sum of these Welghted walks is counted by w;”’. The number of closed walks starting at u is then
counted by summing over j and r 4+ s+t <! — 2 and we obtain

k
b4 Z s Fij Z b(i)rwgs)wgf)
j=1

r4+s+t < [—2

precisely by Wi

(4) Let v € V; with s;; > 0 and u € V; adjacent to v. The sum of T-weighted closed walks
starting at v with the edge to v removed is counted in the same way as above; however, there is
one less vertex in V; adjacent to v. We obtain

k
=b()' + D (8jm — Oim) Fjm S by wdwl

m=1 r4s+t < -2
O
Lemma 3.7. Let w; and w;j be the generating functions for wi(l) and wg) respectively. Then
k
0=1—(1—b(i)y)w; + y°w; Z SimFimwim for 1 <i <k and
m=1

k
0=1— (1 —b(j)y)wij + ywi Z (Sjm — Oim) Fimwjm for 1 <1i,j <k when s;; > 0.

m=1

Proof. Using Lemma we have
(o]
= Z wgl)yl
1=0
00 k
=14+0b(1)y + Z b(i) + Z sij Fij Z b(i)TW§8)w§§) Y

I= j=1 r+s+t < 12

_ ib(i)lyl + y2 Z si; Z Z b(z)rw(s)w(t) y172
=0

1=2 \r4s+t < 1-2
1 — - — —
=t ZF( i) (St ) (3ot
y j=1 1=0 1=0 1=0
1 k
=0y TV b " ZSW Eath

k
And 0=1—-(1-0b(i)y)w; + yPw; Z Sim FijWim..

m=1
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k
Simﬂarly, 0=1-— (1 — b(])y)ww + yzwij Z (Sjm — (51 )ijwjm when Sij > 0. ]
m=1
We now have a system of polynomials for which the T-weighted walk generating functions on the
S-regular tree T g are solutions. In fact, the T-weighted walk generating functions are in algebraic
and the unique solution in a neighborhood of y = 0. The following theorem is a generalization of
[2, Theorem 6.6] and the proof is attributed to those authors. It is included here for completeness.

Theorem 3.8. Let X = {X;; | 1 <4,j <k,s;5 >0tU{X; | 1 <i <k} and P be the system of
polynomials

k
pi(X) =1~ (1= b(i)y)Xi +y° Z FimsimXiXim for1 <i<k

m=1

k
pij(X) =1- (1 — b(])y)X” —+ y2 Z ij(S]’m — 5im)Xinjm fO’F 1 S i,j S ki such th(lt Sij > 0.

m=1

If T is an S-regular matrixz on T g, the T-weighted, closed walk generating functions are the unique
solution to P(X) = 0 in a neighborhood around y = 0. Moreover, each w;; and w; are algebraic.

Proof. When y = 0, the above polynomials have the unique solution, X;; = X; = 1 for all ¢, j. The
Jacobian of this system is given by
]
0Xp

and is invertible. By the implicit function theorem, there exists a unique solution to this system
in some neighborhood around y = 0, X;; = 1, and X; = 1. We know the T-weighted, closed walk
generating functions satisfy the above polynomials and w;;(0) = w;(0) = 1. Thus, the T-weighted,
closed walk generating functions are the unique solution at y = 0.

Let K be the field of rational, complex functions in y and w = {w;; | 1 < 4,5 < k,s;5 >
0} U{w; | 1 <i < k}.By [14, Proposition VIIL.5.3], because P(w) = 0 and the Jacobian of P is
invertible, K (w) is a separable, algebraic extension of K. ]

=-1

y=0

Corollary 3.9. Let T be an S-reqular matrix on Tg with associated spectral measure E. The
Stieltjes transform of the spectral measure p,, = (Fey, e,) is algebraic.

Proof. Suppose u € V;. The Stieltjes transform of p,, is given by

M= [ ARO[ ) 180w 1, (1)
reo(T) 2= A ZJreo(r) 1— 2 2 z ' \z

w >

for z # 0 and z ¢ o(T). O

All empirical evidence suggests that not only are the T-weighted walk generating functions
algebraic, but the system of polynomials defined in Theorem has only finitely many solutions
over the field of complex, rational functions and is thus zero dimensional. In particular this would
imply that for each walk generating function w; and w;; there exists a Gréobner basis containing a
bivariate polynomial for which w; and w;; is a solution. We put forth the following conjecture:

Conjecture 3.10. Let K be the field of algebraic functions over C and P be defined as in Theo-
rem[3.8 The ideal generated by P is zero dimensional.

11



(a) Spectral Density (b) Sum of Square-Coord. V; (¢) Sum of Square-Coord. V3

Figure 1: Adjacency Matrix

0.4 06 08 10 12 14 16 0.4 0.6 0.8 10 12 14 16 0.4 06 08 10 12 14 16
A A A

(a) Spectral Density (b) Sum of Square-Coord. V; (¢) Sum of Square-Coord. V3

Figure 2: Normalized Laplacian

We finish this section with a few examples. In each example we compare the limiting distribution
of matrices on Tg with empirical data. For each example, we generate 20 instances of an S-
regular matrix of dimension 2500. Our theoretical distributions are computed using the polynomials
found in Theorem [3.8] and Grobner basis methods to compute bivariate polynomials for each walk
generating function. Finally, we numerically approximate the solution to these polynomials and
their inverse Stieltjes transform.

Ezample 1. In Figure [I] and Figure [2] we consider the adjacency matrix and normalized Laplacian,
) 14 2 . . .
respectively, of S-regular graphs where S = {2 2]. In Figure and Figure we plot a his-
togram of the density of eigenvalues of our sampled graphs. The red curve represents the limiting
distribution of the spectral density found in Corollary In Figures and [2d, each white
dot represents the sum of squared normalized-eigenvector coordinate taken over a partition cell
plotted against the corresponding eigenvalue. The red curve represents the spectral measure on 7 g
of that cell divided by the limiting distribution of the spectral density scaled by |V;|/|V].
Figure [3] contains similar plots, this time for

N

Il
OO~ = O
O = = O
_= O O = =
—_— o o= O
SO = = O O

whose graphical representation is the house graph. We consider the adjacency matrix of these

12



-2 -1 4 1 2 -2 -1 [ 1 2 -2 -1 4 1 2
A 2 A

(a) Sum of Coord. over V; (b) Sum of Coord. V5 and V3 (¢) Sum of Coord. V4 and V;

o] | |
IS N

N V
0.2 "*. ’ ‘ 71

0.1+

oo LA

-2 -1 0 1 2
A

(d) Spectral Density

Figure 3: Average Eigenvector Coordinate over Partition Cells and Spectral Density

graphs. The equitable partition given by S contains a coarser equitable partition with matrix
0 20
T=11 1 1],
0 1 1

and so there are only three unique spectral measures instead of five on 7 g. Interestingly, because
of the structure of the house graph, there is a bijection between closed cycles starting in V5 and
closed cycles starting in V3 (as well as a bijection between closed cycles starting in V4 and those
starting in V5). Because of this, the sums over V, and V3 are identical (as are the sums over V; and
V5).

4 Eigenvalues of the Adjacency Matrix

The eigenvalues of an S-regular graph behave very similarly to the eigenvalues of a d-regular
graph. For a d-regular graph the all-ones vector 1 is an eigenvector with eigenvalue d. From the
perspective of S-regularity, this is due to the fact that the one-dimensional vector 1 is an eigenvector
of the 1 x 1 matrix d, whose eigenvalue is d. In the following proposition we generalize this intuition
showing that the eigenvalues of S appear as eigenvalues of the adjacency matrix of an S-regular
graph.

For d-regular graphs, d is the largest eigenvalue of the adjacency matrix. Again, from the
perspective of S-regularity this is because d is the largest eigenvalue of the 1 x 1 matrix d. We

13



generalize this fact by showing that if Ag is the largest eigenvalue of S, then Ag is also the largest
eigenvalue of the adjacency matrix of an S-regular graph.

Proposition 4.1. Let \g be the largest eigenvalue of S and let G be an S-regular graph. The
largest eigenvalue of the adjacency matriz A is A\g.

Proof. By the Perron-Frobenius Theorem Ag is a positive real number with positive eigenvector
¢s. By Proposition 2.1] ¢g extends to a positive eigenvector ¢ of A with eigenvalue A\g such that
o(v) = ¢pg(7(v)). Assume X\ > Ag is an eigenvalue of A. Again, by Perron-Frobenius there exists
a positive left eigenvector 1 with value X\. Now, My ¢ = T Ap = Mg ¢. This is a contradiction
since 7'¢ # 0 by positivity, and A > Ag. O

Proposition characterized k of the n eigenvectors and eigenvalues of the adjacency matrix of
an S-regular graph. We call the k eigenvectors ¢1, . . . , ¢ the S-eigenvectors and their corresponding
eigenvalues Ag,, ..., Ag, the S-eigenvalues. We call the remaining n—k eigenvectors ¢p41,. .., ¢, the
bulk ergenvectors and their corresponding eigenvalues the bulk eigenvalues. Note that our ordering
D1y -y ks Pkt 1, - - -, O dOes not respect the magnitude of the eigenvalues. A bulk eigenvalue may
be larger than an S-eigenvalue. By Ag we denote the largest S-eigenvalue, and by Ap we denote the
largest magnitude of a bulk eigenvalue. In a d-regular graph the bulk eigenvectors are orthogonal
to 1 since 1 is the eigenvector corresponding to d. Proposition shows the bulk eigenvectors are
orthogonal to 1 as well as the indicator vectors 1y; for each cell in the equitable partition. Note
that for d-regular graphs 1 is the indicator vector for the single cell in the equitable partition given
by d.

We put our observations on S-regular graphs to work by proving an upper bound on the largest
eigenvalue of the adjacency matrix of a graph obtained by removing a subset of vertices from an
S-regular graph. This theorem generalizes an analogous upper bound for d-regular graphs found
in [I].

Theorem 4.2. Let G be an S-regular graph and C C V. Further let Ag be the adjacency matric
of the subgraph induced by the complement of C. The mazimum eigenvalue of As is bounded above

by
As <1 - 1%1£1k{ci}> + Ap (1121£k{cl}> .

Proof. By Propositionthere isabasis 1y,,..., 1y, Pr+1, - - ., @ Where 1y; is the indicator vector
for the ith cell in the equitable partition, scaled by 1/,/n;, and ¢; is a bulk eigenvector. Note that
this is indeed a basis since the S-eigenvectors can be written as linear combinations of the indicator
vectors. Moreover, by appropriately scaling the bulk eigenvectors it is an orthonormal basis. Let
z be a unit vector such that z(v) = 0 for v € C, z; = > z(v)?, and write it as a linear
combination x = Zle o1y, + Z?:kﬂ a;¢;. By taking the inner product of x and 1y, for 1 <i <k
we compute

1/2

x(v) 2 (1 —ci)n 2
Q; Z Ui S Z z(v) ( . ViVl —c;
ve(V\C); vE(V\C);

and so,

(]
Lo
IN
8

1<i<k 1<i<k

(1—¢) < <1 — min {c,-}> Zk;x = 1— min {¢;}.

14



Finally, we bound the largest eigenvalue of Az by

k n
T Az = Za?lﬁ,AlVi + Z Nio?

=1 i=k+1
k n
2 2
Ay aths 3 o
=1 i=k+1

k k
< /\SZa? + Ap (1 — ZO{?)
i=1 i=1
< —mi . ; .
< Ag <1 rnmk{cl}) + B < m}gk{cl}> ,

1<i< 1<i

since Ag > Ap. ]

Note that for a d-regular graph the bound reduces to (1—c)d+cAg, for |C| = cn, which matches
the bound obtained in [I]. An immediate corollary of Theorem provides an upper bound on
the number of walks in GG that avoid the vertices in C.

Corollary 4.3. Let G be an S-regular graph and C C'V and m = |V| — |C|. The total number of
walks of length £ that avoid C is bounded above by

m ()\S (1 — 1r<r1iigk{ci}) + A <1r<niigk{ci})>f.

Proof. Let 91,...,%p be an orthonormal basis of eigenvectors for A5 with eigenvalues v > --- >
Ym- The total number of walks of length ¢ in G avoiding C is given by 1TA£C—,1. By writing
1=>"", Biv as a linear combination of eigenvectors we obtain

4.1 Expander Mixing Lemma

The expander mixing lemma is a statement about the second largest eigenvalue of a d-regular
graph. Intuitively, the expander mixing lemma says that for any two subsets B, C' C V the difference
between the actual number of edges between B and C' and the expected number of edges between B
and C depends on the second largest eigenvalue of the adjacency matrix. In a sense, it tells us that
the larger the spectral gap the more a d-regular graph looks like a random d-regular graph. For
more details on the expander mixing lemma in d-regular graphs see [13]. Variants of the expander
mixing lemma have been proven for biregular graphs [19], and matrix-weighted graphs [12]. In this
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section we show three bounds for the expander mixing lemma in S-regular graphs, each depending
on different parameters. The proof of each bound showcases a different generalization of a proof
technique from d-regular graphs to S-regular graphs. In the S-regular expander mixing theorem
the largest bulk eigenvalue Ap appears in the bound. This is expected since the second largest
eigenvalue of a d-regular graph is the largest bulk eigenvalue when viewing the d-regular graph as
an S-regular graph.

Before we state the expander mixing lemma for S-regular graphs we need the expected number
of edges two sets of vertices in a random S-regular graph. The following lemma tells us this expected
value.

Lemma 4.4. Let G be a random S-reqular graph and let B,C C V be two sets of vertices. The
expected number of edges between B and C' is

E[|E(B,C)]] ZZ S”S”\Bucr

=1 j=1

Proof. Consider the two subsets B; = BNV; and C; = CNV; and the bipartite graph obtained by
the vertices B; UC; C V and the edges E(B;,C;j) C E. Now for v € B; and v € C; the probability
of an edge between them is

Sij _ Sji SijSji
Prl(u,v) € BE(B;,Cj)] = —L = 2 — J2U°0
rl(u,v) € E(B;, Cj)] o i,

where the equality follows from the balance equation. By linearity of expectation we have

SijSji
E[|E(B;, Ci)|] = n] = |Bi|Cy).
im;

Again by linearity of expectation, summing over all cells in the equitable partition we obtain

LR %3 B (G

=1 j=1

O]

Note that when G is a d-regular graph our expression reduces to E[|E(B,C)|] = ¢|B||C| which
is the expected number of edges between two sets of vertices in a random d-regular graph. Our
next theorem is related to the expander mixing lemma. For a subset B with |B;| = b;jn; it provides
a bound on a quantity related to ||Np,(v)| — biST(v)i‘ which is the difference between the actual
number of neighbors v has in B; and the expected number of neighbors v has in B;. As a corollary

we obtain a variant of the expander mixing lemma. An analogous result for d-regular graphs can
be found in [I].

Theorem 4.5. For an S-regular graph G and a set of vertices B CV we have the inequality

k k
S (INB()] = bisrwy)® < XD bi(1
i=1

veV i=1
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Proof. Define the vector = such that z(v) =1 —b; if v € B; and z(v) = —b; if v € (V' \ B);. Since
z is orthogonal to the S-eigenvectors we have (Az, Az) < A%(x,z). The right hand side is equal to

k
= A5 bini(1—b)? + (1 = by)nb} = Zb DN,
=1

and the left hand side is equal to

k
(Az, Az) ZZ (1= b3) N5, (0)] = b (o). — =35 (INB, ()] — bisewya)”-

veV i=1 veV i=1
O
Corollary 4.6. For an S-reqular graph with sets of vertices B,C C V' we have the inequality
ko k k 1/2
8ijSji
E(B,C) =YY",/ nj-n]- |B:||C|| < Apn (bzqu - ci)) .
i=1 j=1 v i=1
Proof. By Theorem [4.5] we have
ZZWB )| = biSe(w <ZZ]NB )| = biSe(w <>\22b (1—1b)
vEB i=1 veV =1
for any B C V. By Cauchy-Schwarz we have
Bk kok
BB,0) =35 [ oyl = |BB.0) - 3 S nibisise
i=1 j=1 v i=1 j=1
k
< ZZ”NCz(U)| stc(v)z’
veEB i=1
i 2\ 1/2
< | 3 (o - e
veB \1i=1
& 1/2
<+Vbn <)\2 Zci(l cz)nz>
i=1
1/2
< An (chi(l - c,))
i=1
O

Our next proof of the expander mixing lemma is a generalization of the most well-known version
of the lemma for d-regular graphs.

Theorem 4.7. For an S-regular graph G and sets of vertices B,C C V we have the inequality

|E(B,C) !—ZZ S”S“\BHO\ < sv/IBIC].

=1 j=1
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Proof. Let J be the n x n block matrix such that the (7, j)-block is an n; x n; matrix with every
entry set to . Since s;jn; = sj;nj we have that J is symmetric. Moreover, we have the equality

\E(B,C |—ZZ SUS]Z|B||C’| — 15 (A—J) 10|

i=1 j=1

by combining
15A1¢c = |E(B,C)|

and

15710 = ZZ Bl

=1 j=1

By our construction of J each S-eigenvector ¢; is an eigenvector of J with eigenvalue Ag,
since Joi(v) = S¢s,(T(v)) = Ag;¢5,(T(v)) = As,¢i(v). Moreover, each bulk eigenvector ¢; is in
the kernel of J. To see this, note that J has rank k since it has k unique columns and the S-
eigenvectors ¢1, ..., ¢ are linearly independent. Hence, the column space of J is spanned by the
S-eigenvectors, but the bulk eigenvectors are orthogonal to the S-eigenvectors, so they must be in
the kernel of J since J is symmetric. It follows that A and J have the same eigenvectors which are
the eigenvectors of A — J. The S-eigenvectors are eigenvectors of A — J with eigenvalue zero, and
each bulk eigenvector ¢; is an eigenvector of A — J with eigenvalue \;.

To conclude the proof we upper bound [15(A4 — J)1¢|. By Cauchy-Schwarz we have

15(A = D)1c| = (15, (A= J) 1o)| < |[1B]lI(A = T)1c]l.
Next, by writing 1¢ as a linear combination of eigenvectors and using the fact that (A — J) is
symmetric we obtain the inequality
I(A = N)1c]* = (A= T)1c, (A= J)1c)
= (1c, (A= J)’1¢)

= <1C7 > (A- J)2<107¢i>¢i>

i=k+1

= Y AN (le,¢)°

i=k+1
< AgllLc]®.

Putting this all together we get ||[(A — J)1¢|| < Al|1¢| implying that

k k \/W
|E(B,C) ZZ e \B 1C51] < Asllisllitcll = AsVIBIC].

O]

By generalizing another well-known proof of the expander mixing lemma we obtain a slightly
better bound. The bound is tighter since it includes fractional terms in the form 1—b; = 1—|B;|/n;
as weights on the sizes of the sets.
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Theorem 4.8. For an S-regular graph G and sets of vertices B,C C V we have the inequality

k k k k
5ijSji
B(B,0)| -3 ZRBICy]| < Apy | D IBilCi (1= bi) (1 — ¢5)-
nin;

=1 j=1 i=1 j=1

Proof. Consider the vectors 1g = 1 — Zle b1y, and 1c = 1¢ — Zle ¢;ly, which are both
orthogonal to the S-eigenvectors since

k

T
15¢6; =Y |Bilos, (i) (Zb 1%> ;.

i=1
We have

k T k
lgA]_C = <iB + Z bil\/i> A (ic’ + ZcilVi>
=1

i=1

k T k k T k
= (Z bi]-Vi) A <Z Ci]-Vi> + (13 — sz]_vz) A (10 — ZCilVi> ,
=1 =1 =1 =1

~ T ~ ~
since the terms 1£A (Zle Cﬂw) and (Zle bilvi) Alc are zero. This is because 15 and 14 are
orthogonal to the S-eigenvectors and the indicator vectors 1y; are in the span of the S-eigenvectors.

Moreover, we have
k T k —
<Zbi1w> A (Zw) = ,/ mllle]
=1 =1 =1 j=1

which is the expected number of edges between B and C'. Putting these together we obtain

koK k T k
SijSji
|E(B,O)| —E § ‘/nfln? |Bi||Cj]| < <1X—§ bilvi> A <1C—§ cilv>
i=1 j=1 v i=1

k
15— ) by, (10 ZC%IV)H
=1

By the same argument as in the proof of Theorem we obtain

k k
A(lB—Zbilx/i) 1o — Y aly,
=1

=1

<A

Using the fact that

k
1p— ) bily,
i=1

k
Z |Bi| (1 —b;)
=1

we obtain the final result

kK

\E(Bc\—zz S’ZS”\BHC\ <py | SSTIBIIC (- b) (1 - ¢)).

i=1 j=1 i=1 j=1
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To wrap up the section, we show that the converse to the expander mixing lemma due to Bilu
and Linial [4] also implies a converse to the expander mixer lemma for S-regular graphs. Note
the difference in assumptions. The converse assumes the two sets B and C are disjoint, but the
statement of the expander mixing lemma allows them to have non-empty intersection.

Theorem 4.9. If G is an S-regular graph such that for all B,C C V with BNC = () the inequality

k kK
S;iSi
BB, =33 22 5 05| < av/[BIC]
Tty

i=1 j=1

holds, then the largest bulk eigenvalue is bounded above by O (o + (log(dmaz/c) + 1)) where diqq is
the mazimum degree of G.

Proof. Our proof is nearly identical to the proof of Corollary 5.1 of [4]. The largest eigenvalue of
A — P is the largest bulk eigenvalue of A. Moreover, A — P is symmetric and the largest £1-norm of
a Tow is at most 2dmax. By Lemma 3.3 of [4] it suffices to show that ||[15(A— P)1¢| < af15]|||1c],
but this follows directly from our assumptions on B and C. O

4.2 Alon-Boppana Bound

The Alon-Boppana bound provides a lower bound on the second largest eigenvalue of a d-
regular graph. In this section we prove an analogous lower bound on the largest bulk eigenvalue
of an S-regular graph. One variant of the Alon-Boppana bound says that for a d-regular graph
A2 > 2y/d —1 — o(1) where the term o(1) tends to zero as the size of the graph tends towards
infinity, and this is the variant we generalize. We recommend [I3] for a survey on the bound. For
d-regular graphs the bound is computed by counting the number of closed walks on the d-regular
tree, which is the universal cover of a d-regular graph. Similarly, we will begin by counting the
number of closed walks on the S-regular tree, which is the universal cover of an S-regular graph.
Note that the length of any closed walk on a tree must be even. In the following lemma we provide
a lower bound on I/Vi(w in terms of the eigenbasis of S.

Lemma 4.10. The number of closed walks of length 2¢ on the S-reqular tree rooted at a vertex in
Vi is bounded below by

k
Wi(zz) > Z Ag’] <17 ¢Sj> ¢Sj (7’)
j=1

Proof. Consider the following recurrence relation:
~ k ~
W =3 sy
j=1

Wi(O) -1

This recurrence counts, not necessarily closed, walks of length £. These become closed walks of
length 2¢ by following with the same walk but in the opposite direction. However, I/T/Z-(e) does not
count all possible closed walks of length 2¢, only walks of a special type. The closed walks counted
by Wi(e) are symmetric in the sense that the j* vertex in the walk of length ¢ appears as both the

™ and (2¢ — j) vertex in its corresponding closed walk of length 2¢. Hence, VVZ-(%) > Wi(z).
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The recurrence relation can be written in matrix form as I/T/i(g) = (S8°1)(4) and by writing 1 as
a linear combination of the eigenvectors of S we obtain

k
Wi(%) > ﬁ/i(é) = ($'1)() = Z )\gj <1, ¢sj> s, (7)
j=1

We now present an Alon-Boppana-like bound for S-regular graphs.
Theorem 4.11. For an S-regular graph G we have the inequality A\p > /s — o(1).
Proof. We begin by noting that the number of closed walks of length 2¢ in G is given by

Tr A% = ZA” + Z A

i=k+1
<3 4

The number of closed walks of length 2¢ rooted at a vertex v € V; is bounded below by the number
of closed walks rooted at an element of the fiber of v in the universal cover of G. The universal
cover of GG is the S-regular tree, so by summing over the cells of the equitable partition and applying
Lemma we have

kook .
ZZ 1,¢s,)6s,(i) < Tr A% <> AF + nF.
==l =1

By rearranging the inequality we obtain

k: 2714
Ap > Zm Z)\z , 95;)¢s; (1 Z

=1

We consider the limit as n — oo while setting ¢ = o(logn). Clearly, we have

k
l Z )\2@ _
n 4 Si
=1
Recall that n;/n is fixed for fixed S, so all we need is an asymptotic bound on
1
20
Z Z X5, (1, 6s;) s, (i)

=1 j=1

Set m = max; j{(1, s,)ds, (i) then for fixed p and g we have

< s(1,s,)0s,(p ) ZZ)\E , 0s;)¢s; (1) §<k2)\§m)277

=1 j=1
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so by the squeeze theorem we have

lim ZZ)‘S< L 0s,)0s, (@) | =/ As,

O

For d-regular graphs our bound reduces to Ay > v/d — o(1) which isn’t quite as good as the
actual bound of Ay > 2v/d —1 — o(1). This is because Lemma only obtains a lower bound
on the number of closed walks in the S-regular tree. However, it is straightforward to count the
number of closed walks in the d-regular tree exactly. We conjecture that an exact count of the
number of closed walks in the S-regular tree would yield an Alon-Boppana bound for S-regular
graphs that would match the d-regular case.

In our last theorem we use Ag and Ap to upper bound the diameter of an S-regular graph. Our
result generalizes Chung’s bound for d-regular graphs [§].

Theorem 4.12. The diameter of an S-regular graph is bounded above by O (log(n)).

Proof. The diameter of a graph is the minimum value m such that (A*);, > 0 for some t < m. Let
u,v € V with 7(u) =7 and 7(v) = j. We have

AZLzZA (de07), Z N (ded ),

l=k+1
> ZA (0661 )| = | D AF (0067)
l(=k+1
> ZA (6068 ) | = D N (d087),,,
{=k+1
> ZA (6607 ) | = INBT| D (690),,
{=k+1
> ZA (667 )| — INBI| D |¢e(i)||¢e(j)|‘
=k+1
k n 1/2 n 1/2
> ZA (6067 ) | — MBI ( > ¢e(u)2> (Z W(U)Q)
L=k+1 l=k+1
k E 1/2 k 1/2
=D XE (6007 )| — INB] <1—Z¢4(U)2> (1—Z¢e(v)2>
/=1 /=1 /=1

By Corollary

Z Xg (007 ),




Thus, when +/(S™);;(S™);i/|NG| > n—1 > /(n; —1)(nj; — 1), we have A" > 0. For large m,

(S™)ij = ©(AE), and so, /(5™);(S™);i/|NE| = @( i—; m) Because Ap is bounded below by
VAs —o(1) and bounded above by Ag, the diameter is bounded above by O (log(n)). O
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