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Abstract

We introduce a new quantum algorithm for computing the Betti numbers of a simplicial
complex. In contrast to previous quantum algorithms that work by estimating the eigenvalues
of the combinatorial Laplacian, our algorithm is an instance of the generic Incremental Algo-
rithm for computing Betti numbers that incrementally adds simplices to the simplicial complex
and tests whether or not they create a cycle. In contrast to existing quantum algorithms for
computing Betti numbers that work best when the complex has close to the maximal number
of simplices, our algorithm works best for sparse complexes.

To test whether a simplex creates a cycle, we introduce a quantum span-program algorithm.
We show that the query complexity of our span program is parameterized by quantities called
the effective resistance and effective capacitance of the boundary of the simplex. Unfortunately,
we also prove upper and lower bounds on the effective resistance and capacitance, showing both
quantities can be exponentially large with respect to the size of the complex, implying that our
algorithm would have to run for exponential time to exactly compute Betti numbers.

As a corollary to these bounds, we show that the spectral gap of the combinatorial Laplacian
can be exponentially small. As the runtime of all previous quantum algorithms for computing
Betti numbers are parameterized by the inverse of the spectral gap, our bounds show that all
quantum algorithms for computing Betti numbers must run for exponentially long to exactly
compute Betti numbers.

Finally, we prove some novel formulas for effective resistance and effective capacitance to
give intuition for these quantities.

1 Introduction.

The past few years has seen the development of quantum algorithms with the potential to
speed up computation of topological features of simplicial complexes called Betti numbers. Betti
numbers are important topological invariants of a space; indeed, there is an entire, rapidly-growing
field called Topological Data Analysis (TDA) that studies the application of topological invariants
like Betti numbers (among other) [10, 16, 20]. Accordingly, the study of quantum algorithms for
computing Betti numbers has been deemed Quantum Topological Data Analysis (QTDA).

Betti numbers can be both time and space inefficient for classical computers to compute. For
example, a simplicial complex on vertices can be exponentially large and it can take exponential
time to compute Betti numbers in arbitrary dimensions. Quantum computers offer a potential
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solution to the shortcomings of the classical algorithm. For example, quantum computers can
efficiently store a simplicial complex with n vertices using only O(poly(n)) qubits.

However, while these quantum algorithms have certain advantages over their classical counter-
parts like improved space complexity, QTDA algorithms only achieve significant advantage over
classical TDA algorithms under certain circumstances. QTDA algorithms only achieve significant
speed up over classical algorithms when the input complex is cliqgue-dense—it has close to the max-
imal number of simplices—and when the spectral gap of the combinatorial Laplacian of the complex
is polynomially small. This second point is a particular problem as, before now, it was unknown
how small the spectral gap of the combinatorial Laplacian could be. This makes the spectral gap of
the combinatorial Laplacian an example of “fine print” [I]: an unbounded parameter in the runtime
of a celebrated quantum algorithm.

1.1 Our Contributions.

e In Sections [3] and [, we provide a novel quantum algorithm for computing Betti numbers
using the framework of span programs [40, 59]. As opposed to existing QTDA algorithms
that work by estimating the eigenvalues of the combinatorial Laplacian or singular values
of the boundary matrices, our algorithm is more similar to classical matrix-reduction algo-
rithms for computing Betti numbers as it works by incrementally adding simplices to the
simplicial complex and testing if these simplices create or destroy a cycle. One advantage of
our algorithm is that it avoids the step of creating a superpostion over the k-simplices, which
is a bottleneck of existing QTDA algorithms that restricts their utility to the clique-dense
regime. In Section [4.3] and Section [4.4] we show that the query and time complexity of our
span program algorithm for QTDA is parameterized by the maximum effective resistance and
capacitance of cycles in K. In Section [4.6] we compare our algorithm with existing QTDA
algorithms. The culmination of this section is the following theorem.

Theorem 1.1. Let K be a simplicial complex. There is a quantum algorithm for computing
the dth Betti number By of IC in time

~ Rmaxcmax
O (( " + Rmaxn()) (ng + nd+1)> ,

min
where

e n; is the number of i-simplices of K.

® Ruax is the maximum finite effective resistance Ros(L) of the boundary of any d- or
(d+ 1)-simplex o € K in any subcomplex L C K.

o Ciax are the mazimum finite effective capacitance Cy,(L,K) of the boundary of any d-
or (d+ 1)-simplex o € K in any subcomplex L C K.

® Amin s the minimum spectral gap of the normalized up Laplacians [Nleil[/C] and f/;p [K].

e In Section [b| we provide upper bounds on the maximum effective resistance by the size of the
simplicial complex and the maximal rank of the torsion subgroup of the simplicial complex, as
well as looser upper bounds purely in terms of the size of the complex. These upper bounds
show that the effective resistance can be at most exponentially-large with respect to the size of
the complex. We also provide similar upper bounds on effective capacitance for special cases.
Finally, we provide families of simplicial complexes with cycles whose effective resistance or



effective capacitance is exponentially large, thus matching the upper bound up to the base
of the exponent. This implies that our algorithm for QTDA can take exponentially long in
the worst case. However, in the next paragraph, we will see that our results imply all other
QTDA algorithms must run for exponential time as well.

e In Section [6] we show how the upper and lowers bounds for effective resistance provide lower
and upper bounds for the spectral gap of the combinatorial Laplacian respectively; thus, the
spectral gap is exponentially small in the worst case. Moreover, we show there are clique-dense
complexes that achieve worst-case spectral gap.

Theorem 1.2. Let K be a simplicial complex. Let n; be the number of i-simplices of K. Let
n = max{min{ng_1,nq}, min{ng,ng1}}. Then the spectral gap Amin(L4[K]) € Q (ﬁ)

Theorem 1.3. Let d,n > 1. There are constants cg, kq that depends only on d and a d-
dimensional simplicial complex C}} with ng = Q(/ﬁd(rzlo)) d-simplices such that the spectral

9aps Amin(La-1[C3]), Amin(La[Cq]) € O(CZ%)'

This answers one of the most important question in QTDA: how small can the spectral gap
be? As all existing QTDA algorithms are parameterized by the inverse of the spectral gap
of the combinatorial Laplacian ﬁ, this implies that all existing QTDA algorithms need
exponential time to exactly estimate Betti numbersﬂAdditionaﬂy, the space complexity of
some QTDA algorithms is parameterized by log(ﬁlin), so these algorithms will need space
proportional to the number of (d—1)—, d—, or (d+1)-simplices, rather than space proportional
to the number of vertices.

e We also prove some interesting formulas for effective resistance and capacitance that give
intuition for these quantities. In Appendix we provide series and parallel formulas for
effective resistance akin to the formulas for effective resistance in graphs. We also show
that effective resistance satisfies a Rayeligh monotonicity property akin to effective resistance
in graphs. Finally, in Appendix [C] we show that effective resistance is dual to effective
capacitance for embedded simplicial complexes.

1.2 Related Work.

History of QTDA. Lloyd, Garnerone, and Zanardi (LGZ) introduced the first quantum algo-
rithm for computing Betti numbers up to a multiplicative error [48]. Their algorithm works by
estimating the eigenvalues of the combinatorial Laplacian, which is inspired by Friedman’s classi-
cal algorithm for computing Betti numbers [23]. The LGZ algorithm has the advantage that its
runtime is only polynomial with respect to the number of vertices, as opposed to the number of
simplices like the matrix reduction algorithm. The trade-off is that this algorithm gains a depen-
dence on the inverse of the spectral gap and the ratio of the number of simplices to the number of
possible simplices. The LGZ algorithm performs best in the regime where the spectral gap of the
combinatorial Laplacian is polynomially lower-bounded and the simplicial complex is clique-dense,
meaning it has close to the maximal number of simplices. Subsequent works have improved the
LGZ algorithm in different ways but maintain a runtime dependence on the inverse of the spectral
gap and the clique density [29, 50, [66].

!This exponential time complexity is not a result of the quantum nature of these algorithms. Some classical
algorithms for computing Betti numbers are also parameterized by the inverse of the spectral gap, so these algorithms
would need to run for exponential time as well [3] 23].



Another line of QTDA research has been developing algorithms for persistent Betti numbers.
While the LGZ algorithm was initially claimed to be able to compute persistent Betti numbers,
this was later disproved by Meijer [51] and Neumann and den Breeijen [55]. Hayakawa was the first
to develop a quantum algorithm for computing persistent Betti numbers [33]. McArdle, Gilyén,
and Berta have also developed algorithms for computing persistent Betti numbers [50].

Hardness of Computing Betti Numbers. In addition to new algorithms for computing Betti
numbers, there have also been a number of works arguing computing Betti numbers is hard in
general. Adamaszek and Stacho [2] show that determining if a simplicial complex has non-zero
Betti number is NP-Hard when parameterized either by the number of vertices and the number of
maximal simplices, or the number of vertices and number of minimal non-faces. Additionally, they
show the problem is NP-Hard for clique complexes when parameterized by the number of vertices.
Schmidhuber and Lloyd [61] show that computing Betti numbers of a clique complex is #P-Hard
and estimating the Betti number up to a multiplicative constant is NP-Hard when parameterized
by the number of vertices. Moreover, the hardness results of Schmidhuber and Lloyd hold for
clique-dense clique complexes. This is an important restriction as the runtime of LGZ and and
other QTDA algorithms are lowest for clique-dense complexes. Here, the assumptions on the input
are vital. Computing Betti numbers is in P when parameterized by the number of all simplices
in the complex. This does not contradict P # NP though, as the number of simplices can be
exponentially large with respect to the number of vertices.

There have also been a number of works showing that problems related to computing Betti
numbers are hard for the quantum computing complexity class DCQ-1. Crichigno and Kohler [12]
showed that determining if the Betti number of a clique complex is nonzero is QMA-Hard when
parameterized by the number of vertices, and computing the Betti number of a clique complex is
#BQP-Hard. Gyurik, Cade, and Dunjko [30] show that a generalization of Betti number estimation
called low-lying spectral density estimation (LLSD) is DCQ1-Complete, suggesting that LLSD may
be classically intractable. Cade and Crichigno [§] showed that estimating Betti numbers for general
chain complexes (not just those arising from simplicial complexes) is also DCQ1-complete.

Lower Bounds on the Spectral Gap of the Combinatorial Laplacian. All existing QTDA
algorithms are parameterized by the inverse of the spectral gap of the combinatorial Laplacian.
While we show the spectral gap can be exponentially small, there have also been a number of
exact or expected lower bounds on the spectral gap of the combinatorial Laplacian for certain
families of simplicial complexes [4, 23] 28, [44], [45] 46, 63, [68]. However, these bounds place non-
trivial assumptions on the simplicial complex so should not be taken to represent general simplicial
complexes.

2 Preliminaries.

Algebraic Topology. A simplicial complex K on a set of vertices V' is a subset of the power
set K C P(V') with the property that if o € K and 7 C o then 7 € K. An element of K is a simplewx.
A simplex o € K of size |o| = d+ 1 is a d-simplex. The set of all d-simplices of K is denoted
K4, and the number of d-simplices is denoted ng = |[K4|. The d-skeleton of K, denoted K4, is the
simplicial complex of all simplices of K of dimension at most d, i.e. K¢ = U;-i:OICi. The dimension
of IC is the largest d such that K contains a d-simplex; a 1-dimensional simplicial complex is a
graph.



The d* chain group Cy(K) is the vector space over R with orthonormal basis g. An element
of Cy(K) is a d-chain. Unless otherwise stated, all vectors and matrices will be in the basis Ky .
For a chain f € Cy4(K), we denote its o coordinate f(c). Finally, the support of a chain f is the
set of simplices given a non-zero value by f and is denoted supp(f) = {o; € Kq: f(0;) # 0}.

We assume there is a fixed but arbitrary order on the vertices V' = (vy,...,v,). Let 0 =
{Wigs---,viy} be a d-simplex in K with v;; < v;, whenever j < k. The boundary of o is the
(d — 1)-chain do = Z;lzo(—l)j (0 \ {vi;}). The d" boundary map is the linear map 9y :
Ca(K) = Cq—1(K) defined 0af = 3_,cx, f(0)00 where f(o) denotes the component of f indexed
by the simplex 0. An element in ker d; is a cycle, and an element in im 0y is a boundary or a
null-homologous cycle. See Figure([l] The boundary maps have the property that 0509541 = 0,
s0 imdgy1 C ker dg. The d* homology group is the quotient group Hy(K) = ker(dz)/im(0gy1).
The d* Betti number B, is the dimension of Hy(K). The d* coboundary map is the map
0q 1= agH : Cg(K) — Cyq41(K). An element of kerdy is a cocycle, and an element in im 41
is a coboundary. We will use the notation 9[K] and §[K] when we want to specify the complex
associated with the (co)boundary operator.

While our algorithms calculate homology with real coefficients, for some of our topological
results, we will need to consider homology with integer coefficients. The integral chain group
Cy4(K,Z) is the free abelian group generated by the set of d-simplices Kz whose elements are formal
sums » oiekc, @i0i With coefficients «; € Z. The integer homology groups are constructed in the
same way as the real homology groups. We define boundary maps 9y : C4(K;Z) — Cyq_1(K;Z) the
same way as for the real chain groups, except now the boundary maps are group homomorphisms
rather than linear maps. The integral homology groups are the quotient groups Hy(K;Z) =
ker 0y/im Oy 1.

Laplacians. The d* up Laplacian is LZ” = 044104, the d® down Laplacian is Lgow" =
04—104, and the dth (combinatorial) Laplacian is Ly = Lgp + Lillm””. The Laplacians define the
following orthogonal decomposition of the d*® chain group Cy(K) called the Hodge Decomposi-
tion.

Cy(K) =im LY @ im LI"™ @ ker Ly
=1mdy ®imdy_1 ® ker Ly

where the second equality follows from the fact that im AAT = im A for any matrix A. We call
the subspaces im0y, imd4_1, and ker Ly the boundary, coboundary, and harmonic spaces.
Arguably the fundamental theorem of the combinatorial Laplacian is the Hodge Theorem.

Theorem 2.1 (Hodge Theorem, Eckmann [19]). The d* harmonic space is isomorphic to the d*
homology group, i.e. ker Ly = Hy(K).

Therefore, the d'® Betti number can equivalently be computed by computing the rank of Ly, a
fact used by many existing QTDA algorithms.
The following lemma gives several properties of the spectrum of the combinatorial Laplacian.

Lemma 2.2. Let specyy(A) denote the multiset of the non-zero eigenvalues of a linear operator
A. Let K be a simplicial complex. Let d > 0 be a positive integer. Then

1. (Goldberg [Z]), Lemma 4.1.8]) specy 7 (L4F) = specy 7 (L4%4™)

2. (Goldberg [Z]), Lemma 4.1.7]) specy ;(Lq) = specy 7 (LyF) U specy 5 (Ldowm)



3. (Goldberg [24, Lemma 4.2.3]) If K has connected components K1, ..., Ky, then
specy z(La[K]) = specyz(La[K1]) U - Uspecy z(La[Kn))

where all unions are multiset unions.

The up, down, and combinatorial Laplacian are all positive-semidefinite, meaning their eigen-
values are all non-negative [24]. The spectral gap Amin(Lg) is the smallest non-zero eigenvalue of
the combinatorial Laplacian. Lemma Part 2 implies the following theorem about the spectral
gap of the combinatorial Laplacian.

Corollary 2.3. Let K be a simplicial complex. Let d be a positive integer. Then
Amin (La[K]) = min{Amin (LG [K]), Amin(Ly"[K])}

In Section [6] we discuss upper and lower bounds on the spectral gap. There are also known
upper and lower bounds on the largest eigenvalue of the combinatorial Laplacian.

Theorem 2.4. Let K be a simplicial complex with ng vertices. Let d be a natural number. Then
the mazimal eigenvalue of the combinatorial Laplacian Amax(Lg) < ng.

Proof. Let A,, be the complete complex on ng vertices. The maximum eigenvalue of the d'"
up Laplacian is Amax(Lj"[Apy]) = no for any dimension d [26, Lemma 2.6]. Moreover, by the
interlacing theorem of eigenvalues of the up Laplacian, Amax(Ly"[K]) < Amax(Ly’[An,]) for any
subcomplex K C Ay, [34, Theorem 1.1]. The theorem follows as Amax(Lq[K]) = max{Amax(L;"[K]),

)\max(ngl[IC])} <ng ]

We also consider two variants of the Laplacian variants of the up-Laplacian: the weighted up
Laplacian and the normalized up Laplacian. Let w : Kgzy1 — RT be a weight function on the
(d+1)-simplices. Let W : Cyqy1(K) — Cgy41(K) be the diagonal matrix with W;, = w(7). The
d™" weighted up Laplacian is L3¥ W = 9,,1Wb,. The degree of a d-simplex o is deg(c) =
Dorekyir: ocr W(T). Let D o Cy(K) — Cy4(K) be the diagonal matrix with Do, = deg(c). The
d* normalized up Laplacian is f);p =DV 26d+1W5dD*1/ 2. The following theorem relates the
spectral gap of the normalized and unnormalized Laplacians. A proof can be found in Appendix [A]

Lemma 2.5. Let K be a simplicial complex. Let dmin and dmax be the minimum and maximum
degrees of any d-simplex in IC. Suppose that dpin > 0. The normalized and unnormalized spectral
gap are related as follows:

1 ~ 1
7)\111111([/31)) S )\min(Lsp) S ] )\min(LZp)

dmax dmm

Pseudoinverse of a Linear Map. Let A:R"™ — R™ be a rank k linear operator with singular

value decomposition A = Zle aiuiviT . The pseudoinverse of A is the linear operator A* : R™ —
(2

it is not the most informative. Equivalently, the pseudoinverse of A : R™ — R" is the unique

linear operator with the following properties: (1) AT maps each vector x € im A to the unique

vector y € im AT such that Ay = x and (2) AT maps each vector in (im A)* to 0. The following

are well-known properties of the pseudoinverse that follow from these definitions

R"™ defined AT = Zle o; Lu;vT. While this is in the most compact definition of the pseudoinverse,

Lemma 2.6. Let A : R™ — R" be a linear map.
1. (AAT)t = (ATt AT,
2. Forx € im A, Atz = argmin{||y|| : Ay = x}



Figure 1: Left: The 1-cycle is null-homologous as it is the boundary of the pictured 2-chain. Right:
The 1-cycle is not null-homologous as it is not the boundary of any 2-chain. Coefficients on colored
simplices are £1. Orientations on the simplices have been omitted for simplicity.

Bra-Ket Notation. When discussing quantum algorithms, we will use bra-ket notation for
vectors. As this paper may also be of interest to topologists who may be unfamiliar with this
notation, we introduce bra-ket notation now. Assuming a fixed basis for a finite vector space, a
bra is a row vector represented by the notation (v|. A ket is a column vector represented by the
notation |v). Using bras and kets, we can represent an inner product as (u|v), an outer product as
|u)(v|, or a tensor product as |u)|v).

3 The Incremental Algorithm for Computing Betti Numbers.

In this section, we review the incremental algorithm for computing Betti numbers introduced by
Delfinado and Edelsbrunner [I3]. The incremental algorithm is a generic framework for computing
Betti numbers based around the primitive of null-homology testing. See Figure

Problem (Null-Homology Testing). Given a simplicial complex K and a cycle v in IC, determine
if v is null-homologous.

The Incremental Algorithm for Computing Betti Numbers computes 8y by testing if the
boundary of simplices are null-homologous. Specifically, the incremental algorithm incrementally
adds d-simplices to the simplicial complex and and then performs a null-homology test on their
boundaries to see how the dimension of the spaces ker d; and im 0441 change.

To see how this works, fix an order on the d-simplices Kg = {o1,...,04}, and then iteratively
add each simplex o; in increasing order of . Adding the simplex o; will either increase the dimension
of ker 93 or imdy_1 by 1. If do; is null-homologous in K¢t U {o1,...,0;_1}, then adding o; will
increase the dimension of ker d; by 1, which also increases B4 by 1. If not, then adding o; will
decrease im 0z_1 by 1, which also decreases B4_1 by 1E| The incremental algorithm is summarized
in Algorithm

In the classical matrix reduction algorithm for computing Betti numbers, testing whether do;
is null-homologous is done by reducing the column corresponding to ¢; in the boundary matrix,
which takes O(n4_1n4) time in the worst case. However, there are special cases where null-homology
testing can be performed much more quickly. For example, when a simplicial complex is embedded
in R? or the 3-sphere, null-homology testing can be performed in nearly-linear time using the

2In their original paper on the incremental algorithm [13], Delfinado and Edelsbrunner phrase this slightly differ-
ently as testing “whether o; is in [the support of] a cycle.” It is straightforward to verify that o; is in the support of
a cycle if and only if do; is null-homologous.



Algorithm 1 The incremental algorithm for computing the d® Betti Number 84 [L3]

Bq <0
for 0, € Ky ={o1,...,00,} do
if Jo; is null-homologous in K4~ ' U {o1,...,0;_1} then
Ba  Ba+1
end if
end for
for 7; € Kgy1 = {71,..., 0y, } do
if O7; is not null-homologous in KU {r,...,7j_1} then
Ba  Ba—1
end if
end for
Return (4

union-find algorithm [I3]. In the next section, we give a quantum algorithm for null-homology
testing.

4 A Quantum Algorithm for Null-Homology Testing.

In this section, we provide a quantum algorithm based on the span program model to decide
whether or not a cycle ~ is null-homologous in a simplicial complex .

Our algorithm is a generalization of the quantum algorithm developed by Belovs and Reichardt
to decide st-connectivity in a graph [5]. Their algorithm is parameterized by the effective resistance
and capacitance between the vertices s and ¢t. The query complexity of our algorithm is parameter-
ized by higher-dimensional analogues of effective resistance and capacitance of v that we introduce
in Section [4.3.1]

Upper bounds on the effective resistance and capacitance in graphs imply a query complexity
of O(n3/?) for st-connectivity, where n is the number of vertices [37]. In Section |5, we provide
upper bounds on the effective resistance and capacitance. Our upper bounds on effective resistance
and capacitance imply that the query complexity is polynomial in both the number of d-simplices
as well as the cardinality of the largest torsion subgroup of a relative homology group of K. In
the case that IC is a graph, our analysis of the witness sizes matches the O(n3/ 2) upper bounds of
previous analyses. Specifically, under the assumptions that K is relative torsion free and that -~ is
the boundary of a d-simplex (which may or may not be included in the complex), we match the
O(n®/?) upper bound. These assumptions are always true for st-connectivity in graphs, which is
why we match the query complexity for this problem. However, in Section [5.2] we provide examples
of simplicial complexes where the effective resistance or capacitance of «y is exponentially large.

4.1 A Brief Introduction to Span Programs.

Span programs were first defined by Karchmer and Wigderson [40] and were first used for
quantum algorithms by Reichardt and Spalek [59]. Intuitively, a span program is a model of
computation which encodes a boolean function f: {0,1}" — {0,1} into the geometry of two vector
spaces and a linear operator between them. Encoding f into a span program implies the existence
of a quantum query algorithm evaluating f (Theorem [4.1])



Definition 1. A span program P = (H,U,|r),A) over the set of strings {0,1}" is a 4-tuple
consisting of:

1. A finite dimensional Hilbert space H = H1 ® --- ® H,, where H; = Hio @ Hia,
2. a vector space U,
3. a non-zero vector |T) € U, called the target vector

4. a linear operator A: H — U.

For every string x = (x1,...,xy,) € {0,1}" we associate the Hilbert space H(x) = Hi 4 & - BHN 2,
and the linear operator A(x) = Ally ;) : H — U where Ty () is the projection of H onto H(z). A
string x € {0,1}" is a positive instance if |T) € im A(z) and is a negative witness otherwise.

A span program P decides the function f: {0,1}" — {0,1} if f(z) = 1 when z is a positive
instance and f(z) = 0 when z is a negative instance. A span program can also evaluate a partial
boolean function g: D — {0,1} where D C {0,1}" by the same criteria.

Span programs are a popular method in quantum computing because there are upper bounds
on the complexity of evaluating span programs in the query model. The query model evaluates
the complexity of a quantum algorithm by its query complexity, the number of times it queries
an input oracle. In our case, the input oracle returns the bits of the binary string x. The input
oracle O, takes Oy : |i)|b) — |i)|b® ;) where i € [n]. Observe that the states |i) can be stored on
[logn] qubits. Reichardt [60] showed that the query complexity of a span program is a function of
the positive and negative witness sizes of the program, which we now define.

Definition 2. Let P be a span program and let x € {0,1}". A positive witness for x is a vector
|lw) € H(z) such that Alw) = |7). The positive witness size of x is

wy (x,P) = min{|[[w)[|* : [w) € H(z), Ajw) = |r)}.
If no positive witness exists for x, then wy(x,P) = co.

A negative witness for x is a linear map (w| : U — R such that (w|Ally ) = 0 and (w|7) = 1.
The negative witness size of x is

w_(xz,P) = min{||<w|A||2 w| U — R, (w|AHH(z) =0, (w|T) = 1}.
If no negative witness exists for x, then w_(xz,P) = co.

Theorem 4.1 (Reichardt [60]). Let D C {0,1}" and f : D — {0,1}. Let P be a span program that
decides f. Let Wi (f,P) = maxge (1) w4 (x,P) and W(f,P)- = max,cs-1(0yw—(z,P). There is

a bounded error quantum algorithm that decides [ with query complexity O (\/W+(f, PYW_(f, 73))

A caveat to the query complexity model is that in general the time complexity of an algorithm
can be much larger than its query complexity.

4.2 A Span Program for Null-Homology Testing.

In this section, we present a span program for testing if a cycle is null-homologous in a simplicial
complex. This span program is a generalization of the span program for st-connectivity defined in
[40] and used to develop quantum algorithms in [5, [0} 37, B8].

Let K be a d-dimensional simplicial complex. Let v € Cy_1(K) be a (d — 1)-cycle. Let ng be
the number of d-simplices in K. Order the d-simplices {o1,...,0p,}. Let w: g — R be a weight
function on the d-simplices, and let W : Cy(K) — Cy(K) be the diagonal weight matrix. We define
a span program over the strings {0, 1} as follows.



1. H = Cy(K), with H; 1 = span{|o;)} and H; o = {0}.
2. U =Cyq_1(K)
3. A= 8d\/WI Cd(IC) — Cdfl(]C)

4. |1) =~

We denote the above span program by Px. Let x € {0,1}"¢ be a binary string. We define
the subcomplex K(z) :== K1 U {0o; : 2; = 1}; that is, K(z) contains the d-simplices o; such that
x; = 1. There exists a solution v to the linear system 0yzv/W Ui (zyv = v if and only if the cycle v is
null-homologous in K(z) if and only if z is a positive instance of Px. The span program Px decides
the boolean function f : {0,1}"¢ — {0,1} where f(x) = 1 if and only if 7 is a null-homologous
cycle in the subcomplex K(z).

Theorem [£.T] allows us to bound the query complexity of our span program by the size of positive
and negative witness. In the next section, we provide bounds on the positive and negative witness
size of our span program.

4.3 Witness Sizes of the Null-Homology Testing Span Program.

In this section, we bound the positive and negative witness sizes of our span program for null-
homology testing. We will show that they are equal to the quantities called the effective resistance
and effective capacitance of the cycle. We first introduce these quantities and show some of their
properties. Then, in Section we show that these quantities are the witness sizes of our span
program.

4.3.1 Background: Effective Resistance and Effective Capacitance.

Let v € Cy—1(K) be a cycle in a simplicial complex. We associate two quantities with ~: its
effective resistance and effective capacitance. The effective resistance is finite if and only if v is
null-homologous, and the effective capacitance is finite if and only if v is not null-homologous. We
begin with the definition of effective resistance.

Definition 3. Let K be a simplicial complex with weight function w : K — RY. Let v be a
(d—1)-cycle in K. The effective resistance of v is

+
R (K. W) = (L) if s nuti-homologous

00 otherwise

When obvious or when K is unweighted, we drop the weights from the notation and write R~(IC).

This definition of effective resistance is consistent with effective resistance in graphs (see [62])
and other definitions of effective resistance in simplicial complexes [42}, 57| 31]E|However, this defini-
tion gives little intuition about effective resistance. We now prove there is an alternative definition
of effective resistance in terms of chains with boundary . We begin with two definitions.

3Effective resistance can be defined even more generally using the combinatorial Laplacian. For simplicity, consider
the unweighted case. For a null-homologous (d—1)-cycle v, the effective resistance can be defined R (K) =" L} 7.

This equals the formula in Definition |3| because (1) Lgt1 = (L;fl)Jr + (Lg(f“ﬁn)+ and (2) WT(Lg‘i“{”)JrW =0 as
v € ker L™ = ker(L3°w™)*.
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Definition 4. Given a d-dimensional simplicial complex K and a (d—1)-dimensional null-homologous
cycle v, a unit y-flow is a d-chain f € Cy(K) such that Of = 7.

In the case of graphs, a unit st-flow is a flow sending 1 unit of flow from s to .

Definition 5. Given a d-dimensional simplicial complex K with weight function w : Cy(K) — RT
and a unit y-flow f, the flow energy of f on K is

f(o)? -
=3 L9 ey
w(o)
oek(d)
where W is the ng X ng diagonal matriz whose entries are the weights of the d-simplices.

We will now relate unit y-flows and their energy to effective resistance. This generalizes a
formula for effective resistance in graphs [0, Chapter IX Corollary 6].

Lemma 4.2. Let K be a simplicial complex and let v be a null-homologous d-cycle. The effective
resistance of v is the minimum flow energy over all unit ~v-flows, i.e.

Ry(K) = min{J(f) | 0f =~}
Proof. Our first observation is that we can factor the weighted Laplacian as

LZP’W = 0g41Wiq
= 0u WPW1/25,
= Qa1 W) (0g W)

By Lemmaﬁ Part 1, (Lzl‘p’w)+ = ((Qgp 1 W)Y H Dy W) F. Therefore,
Ry () = /T ((0aa WA )T (@asa W) Ty = (oW ) F |2,

By Lemma Part 2, R, (K) is the minimum squared-norm of a vector that D1 W/2 maps to .
Let f = (6‘W1/ 2)*; the vector f is the unit y-flow of minimum flow energy, which we now prove.

A vector v is mapped to v by OW /2 iff W1/2y is mapped to v by 8 as W'/2 is a bijection; that
is all to say, W1/2v is a unit y-flow. Moreover, the flow energy of W'/2v is

JW20) = (W 20)TW w2y
— T2,
=vTw
= |lv||?
Therefore, the minimum flow energy of a unit «-flow is the minimum squared-norm of a vector that
OW1/2 maps to v, which we previously saw was R~ (). O

We call (OW1/2)*+ the minimum-energy unit fy-ﬂo

“The minimum-energy unit y-flow is unlike the optimal bounded chain [I7], another minimum spanning object of
a null-homologous cycle. The optimal bounded chain of v is (often) defined with Zs coefficients and is the smallest set
of simplices with boundary +; it is analogous to an s, t-path in a graph. The minimum-energy ~y-flow is defined with
real coefficients and can have fractional values on simplices; it is analogous to an s, t-flow in a graph. While the weight
of the optimal bounded chain is always minimized when fewer simplices are used, the minimum minimum-energy
y-flow will push a fraction of the flow on many chains spanning ~. Indeed, in Section[B] we prove the minimum-energy
~y-flow pushes a non-zero amount of flow on each chain spanning ~.

11
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Figure 2: Left: A 1-cycle v with 41 coefficients on the blue edges. Right: A unit ~-potential p
with +1 coefficients on the red edges. If this complex is unweighted, then the potential energy of
p is 1. It can be proved that p is a minimal energy unit y-potential ﬂ so Cy(L,K) =1

Some of the key properties of effective resistance in graphs are the series and parallel formulas
and Rayleigh Monotonicity. In Appendix [B] we prove analogous results for higher-dimensional
effective resistance.

While effective resistance has previously been generalized from graphs to simplicial complexes [31,
42, [57], to our knowledge, we are the first to generalize effective capacitance from graphs to simpli-
cial complexes. Unfortunately, effective capacitance is more opaque than effective resistance, both
in graphs and simplicial complexes. The definition of effective capacitance is less intuitive than the
definition for effective resistance, and there are fewer results about effective capacitance in graphs
than effective resistance.

Before defining effective capacitance in simplicial complexes, we review the definition of effective
capacitance in graphs, which can be found in [37]. Let G be a graph such that s and ¢ are connected
in G, and let H C G be a subgraph such that s and t are not connected in H. A unit st-potential
is a function p: V(G) — R such that p(t) =1, p(s) = 0, and p(u) = p(v) for any two vertices u,v
in the same connected component. The potential energy of pis 3¢, yepc)(P(u) — p(v))?. The
effective capacitance of s and t is the minimum potential energy of any st-potential.

Our definition of effective capacitance in simplicial complexes will be analogous to the defintion
in graphs; namely, the effective capacitance of a cycle v will be the minimum energy of a unit
~-potential.

Definition 6. Let £ be a simplicial complezx, and let v € Cy_1(L) be a (d—1)-cycle that is not
null-homologous in L. A wunit y-potential in L is a (d—1)-chain p such that 6q—1[L]p = 0 and
T

py=1

Figure [2| shows a ~-potential in a simplicial complex.

Definition 7. Given simplicial complexes L C K with weight function w : C3(K) — R and a
~v-potential p in L, the potential energy of p on K is

J(p)= Y 0KIp(0)*w(o) = (8[Klp)" W (3[K]p).

oy

Definition 8. Let L C K be simplicial complexes, and let v € Cy_1(L) be a (d — 1)-cycle that is
null-homologous in IC. If v is not null-homologous in L, the effective capacitance of v in L and
K is

5The proof that p is the minimal energy unit y-potential is analogous to the proof of Theorem The trick to

proving this is to realize that because there is a single 2-simplex in K\ £, all unit «-potentials have the same potential
energy.
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min J(p) v is not null-homologous
C’y (,C, ]C) — ¢ p:p unit y-potential
00 v 18 null-homologous

Our definition of effective capacitance in simplicial complexes matches the definition of effective
capacitance in graphs; however, this may not be obvious at first glance, as our definition of st-
potential is more general. A function p : V(G) — R is equivalent to a 0-chain p € Cy(H), and
the requirement that p(u) = p(v) for any two vertices w,v in the same connected component is
equivalent to saying dg[H] = 0; however, not all chains p such that p” (s —t) = 1 satisfy p(s) = 1
and p(t) = 0. (For example, it could be the case that p(s) = 3 and p(t) = —3.) This difference
in the definition ends up not mattering though. This is because the all-1s vectors 1 € ker dg for
any graph. Using this fact, we can see that for any st-potential p under our definition, there is an
st-potential p’ under the previous definition with the same potential energy, namely the potential
' =p-p)l

There is one small detail left to show. It is not obvious from the definition that a unit y-potential
will even exist for v. We prove this in the following lemma.

Lemma 4.3. Let £ be a simplicial complez, and let v € Cq_1(L) be a cycle. Then there exists a
unit y-potential in L if and only if v is not null-homologous in L.

Proof. Observe that ker 64 1[£] = (im 04[L])* as d4_1[L] = 94[L]T. Assume there is a y-potential
pin £. As §[L]p = 0, then p € ker §4_1[£] = (im 94[£])*. As vI'p = 1 we see that v has a non-zero
component in (im dg[£])*, so v & im 9y[L].

Alternatively, suppose that v is not null-homologous in £. Then 7 has a non-zero component
in (im0g[L])t = kerdg_1[£]. Let ¢ = Tl s[c)Y, where Il s) is the projection operator onto
ker §4_1[£]. Then 47q # 0 and J4_1[£L]q = 0. The vector q is not necessarily a unit y-potential as
it is not necessarily the case that v/'¢q = 1, but the scaled vector p = ﬁq is a unit y-potential. [J

One interesting property of effective resistance and capacitance in graphs is that, in planar
graphs, the effective resistance between certain pair of nodes in the dual graph equals the effective
capacitance between certain pairs of nodes in the primal graph. In Appendix [C| we show that an
analogous property holds for higher-dimensional embedded simplicial complexes.

4.3.2 Effective Resistance and the Spectral Gap.

In this section, we give a characterization of the spectral gap of the combinatorial Laplacian in
terms of the effective resistance of a cycle. While the proof of this lemma follows from some simple
linear algebra, the advantage of this theorem comes down to the fact that effective resistance is easier
to work with than eigenvectors of the Laplacian (in our opinion). We first relate effective resistance
to the spectral gap of the up Laplacian. We then show how this relates effective resistance to the
spectral gap of the combinatorial Laplacian. We prove this relationship for unweighted simplicial
complexes; however, the theorems also hold for weighted simplicial complexes.

Lemma 4.4. The spectral gaps of the up Laplacian Lszil and down Laplacian Lzow” are
Amin (L4"") = Amin (L7 1) = min{R(K) : v € im 9y, [|y]| = 1}.

Proof. We first prove this is the case for the spectral gap of the up Laplacian Lsp . We then show
the equivalence of Ayin(L3°%™) and Amin (LY ;).
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The lemma follows from some standard facts about symmetric matrices. First, because Lgp is
symmetric, a vector x is an eigenvector of sz with non-zero eigenvalue A if and only if x is an
eigenvector of (sz )" with non-zero eigenvalue A~!. This follows from the fact that the singular
values and vectors of a symmetric matrix are also its eigenvalues and eigenvectors. Therefore, the
smallest non-zero eigenvalue of L3" is the inverse of the largest non-zero eigenvalue of (L;")", or
Amin (L) = Apic ((L5F)T) for short.

Next, we can characterize the eigenvalues of the symmetric matrix (L") with the Courant-
Fischer Theorem. We use a special case of the theorem, which says that Amax((L3")T) =
max{zT (L) "2 : ||z| = 1} and Zmax = arg max{z? (L}’) Tz : ||z|| = 1}, where Zmax is an eigenvec-
tor corresponding t0 Amax((L;”)"). The lemma follows from the fact that zymax € im L3 = im &y,
which is the case because znay is the eigenvector of a non-zero eigenvalue of L up.

Finally, Amin(Ly") = Amin(L9°%™) by Lemma . Part 1. O

4.3.3 Effective Capacitance and the Spectral Gap.

In the previous section, we saw that the effective resistance of a unit-length cycle is always
bounded above by the inverse of the spectral gap of the combinatorial Laplacian. While we don’t
know such a bound for the effective capacitance of arbitrary cycles, we can prove such a bound for
the effective capacitance for the boundaries of simplices. This is sufficient for our analysis of the
incremental algorithm as the only cycles we consider are the boundaries of simplices.

Before proving our upper bound on the effective capacitance of a cycle, we need to prove an
upper bound on the largest singular value of the coboundary matrix.

Lemma 4.5. Let I be a simplicial complex with ny vertices. For any d > 1, the largest singular
value of the coboundary matriz 6q—1[K] is omaz(da—1) = O(/n0)-

Proof. This follows as the squared singular values of d4_1 are the eigenvalues of the up Laplacian
55_15d—1 = L,”,. (This is true for any matrix of the form AT A.) The maximum eigenvalue of Ly,
is known to be at most ng by Theorem O

Theorem 4.6. Let L C K be d-dimensional simplicial complexes. Let v € Cyq_1(L) be a (d —1)-
cycle that is null-homologous in IC but not in L. Assume that v = 0o for a d-simplex o ¢ EHThe
effective capacitance of v in K is bounded above by Co(L,K) = O (no - At (La—1[L U {c}])).

Proof. We can express the constraints of a y-potential p in the following set of linear equations:

0
0[L] 0
p =
o 1
To simplify notation, let C' = [6[£}T 7]T and b = [O 0o --- 1}T

We consider the smallest vector p which satisfies these equations, which is p = CTbh. Be-
cause 7 = o, we can see that C' = J[L U {o}]. Therefore, ||p|| = O(|C*b|)) = O(o,.i (5L U
{o}]), where omin(6[L U {o}]) is the smallest non-zero singular value of d[L U {o}]. However,

we know that omn = \/Amin(Lgﬁl[cu{a}]) € Q(/ min(La_1[LU{c}])). Therefore, ||p| €

0 (\ ALl

5The theorem holds whether or not o € K.
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We now want to bound the potential energy of p. Using Lemma we can bound ||§[K]p||? €
O(no - Aty (La-1[£ U{}])). =

4.3.4 Connecting Effective Resistance and Capacitance to Witness Sizes.

Given a string « € {0,1}", we show in the following two lemmas that w4 (z, Px) = R~ (K(x))
and w_(z, Px) = C,(K(x),K). The proofs are simple calculations following from the definitions of
effective resistance and capacitance.

Lemma 4.7. Let x € {0,1}" be a positive instance. There is a bijection between positive witnesses
|w) for x and unit y-flows f in K(x). Moreover, the positive witness size is equal to the effective
resistance of v in K(z); that is, wi(x, Px) = R (K(x)).

Proof. Let |wy) € Cy(K) be a positive witness for z, so dgvVWl|wy) = . We construct a unit
v-flow f in K(z) by f = vVW]wy); f is indeed a unit y-flow as dgf = 93vWlwy) = . Moreover,
lwy) = W=1/2|f). The flow energy of v is

I = w1
(W2 w12 )
{

Wy |wy)
1.

[wy)

Hence, the flow energy of f equals the witness size of x.

Conversely, let f be a unit v-flow in IC(z) and define the positive witness for x as |wy) =
w-Y 2| f). The same computation in the above paragraph shows that the flow energy of f equals
the positive witness size of x. ]

Lemma 4.8. Let x € {0,1}"4 be a negative instance. There is a bijection between negative witnesses
(w_| for x and unit vy-potentials p in K(x). Moreover, the negative witness size is equal to the
effective capacitance of v in K(x); that is, w—_(x,Px) = C,(K(z)).

Proof. Let (w_| be a negative witness for . As (w| is a linear function from Cy_1(K) to R we may
view it as a (d — 1)-chain p? = (w|. Since (w_|vy) = 1, then pTy = 1. To show that p is a unit
v-potential we must show that the coboundary of p is zero in K(x). By the definition of a negative
witness we have

0= (w_|0gV W)
= (p|0gV Wk )
= (3a(p) VW y).
Since VW is a diagonal matrix and I (z) restricts the coboundary to the subcomplex K(z) we

see that (64(p)|o) = 0 for any 0 € K(x)4. To show that the witness size of (w_| is equal to the
potential energy of p we have

[(w—[0aVC|* = (pOgV/'W |[pdgvV/ W)
= (VWé4(p) VW a(p))
= > (8a(p)|o)w(o)

ceER,

=J(p).
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Conversely, let p be a unit y-potential for (z) we construct a negative witness for x by setting
(w_| == pT. Since the coboundary of p is zero in K(z) we have (5,(p)|o) = 0 for each o € K(z)q
which implies <fw_\(9d\/W Ui (@) = 0 by the reasoning in the previous paragraph. Also by the
previous paragraph we have that the potential energy of p is equal to the negative witness size of
(w_| which concludes the proof. O

From these two lemmas we obtain the main theorem of the section, the quantum query com-
plexity of ~.

Theorem 4.9. Given a d-dimensional simplicial complez KC, a (d — 1)-dimensional cycle 7 that
is null-homologous in K, and a d-dimensional subcomplex KC(x) C K, there exists a quantum al-
gorithm deciding whether or not ~y is null-homologous in K(x) with quantum query complexity

0] (\/Rmax(v)cmax(’y)>, where Rmax(7y) is the mazimum finite effective resistance R~(L) in any

subcomplex L C IC, and Cmax(7y) is the mazimum finite effective capacitance Cy(L,K) in any sub-
complex L C K.

Proof. By Theorem the span program Px can be converted into a quantum algorithm whose
query complexity is O <\/W+(f, Pr)W_(f, P;d) where W, (f,Px) = max,ep-1(1) Ry(K(z)) =
Rmax('y) and W_ (fv P’C) = MaXycf-1(0) CW(,C('%'); ,C) = Cmax(’)/)' O

4.4 Time Efficient Implementations of the Span Program.

We have given bounds on the query complexity of null-homology testing; however, this does not
imply a bound on the time complexity of evaluating this span program, as the query complexity
does not account for the work outside of the oracle calls. In Appendix we describe the details
of an implementation of this algorithm. For certain special cases, we are able to analyse the time
complexity of the algorithm. We describe this special case below.

There are two obstacles to a time-efficient implementation of the span program: the weights
and the input cycle v. The weights on the d-simplices make it difficult to implement the matrix
OvVW , as the weights on the simplices can be arbitrary real numbers. The input cycle ~ is difficult
to create on a quantum computer as the entries of « can also be arbitrary real numbers.

Accordingly, we can give a quantum algorithm of bounded time complexity in one particular
instance: when K is unweighted and 7 is the boundary of a d-simplex. (We do not require the
d-simplex to actually appear in the complex.) While this is only a special case of the generic
null-homology testing algorithm, this is the only case we need for the incremental algorithm for
computing Betti numbers (Algorithm . The time complexity of this case is given in the following
theorem.

Theorem 4.10. Let K be an unweighted simplicial complex with ng vertices, let v € Cq_1(K) a
null-homologous cycle in IC, and K(z) C K be a simplicial complex. Furthermore, assume that -y
is the boundary of a d-simplex and the complex is unweighted. There is a quantum algorithm for
deciding if vy is null-homologous in K(x) that runs in time

O (\/Rmax(:y)Cmax(Py) ng + m) )

)\min

where Rmax () is the mazimum finite effective resistance Ry(L) of v in any subcomplex L C K,
Cmax(7Y) is the maximum finite effective capacitance C(L, L) in any subcomplex K(x), and Amin is
the spectral gap of the normalized up-Laplacian LZZ[IC}.
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4.5 Runtime of the Quantum Incremental Algorithm

In the previous section, we saw an implementation of an algorithm for testing if the boundary
of a d-simplex was null-homologous. Combined with the framework of the Incremental Algorithm
(Algorithm [I)), this allows us to compute the d-Betti number.

Theorem 1.1. Let K be a simplicial complex. There is a quantum algorithm for computing the
dth Betti number By of K in time

i~ Rmaxcmax
) (( 5\7”0 + Rmaxno> (ng + nd+1)> ;

min
where
e n; is the number of i-simplices of K.

® Rumax 1S the mazimum finite effective resistance Ros(L) of the boundary of any d- or (d+1)-
simplex o € K in any subcomplex L C K.

o Cmax are the maximum finite effective capacitance Coy(L,K) of the boundary of any d- or
(d+ 1)-simplex o € K in any subcomplex L C K.

® A\nin 18 the minimum spectral gap of the normalized up Laplacians fzgfl[/C] and f/gp [K].

Proof. The Incremental Algorithm (Algorithm (1)) incrementally adds each d and (d + 1)-simplex
o to the simplicial complex and checks if the cycle do is null-homologous. We can use the span-
program algorithm of Theorem to check if do is null-homologous. The theorem follows by
using this algorithm for each of the (ng 4+ ng41) d- and (d + 1)-simplices. O

4.6 Comparison with Existing Algorithms.

In this section, we compare our algorithm to existing algorithms for QTDA. This presentation
specifically compares our algorithm to the LGZ algorithm [48], but most of these ideas also hold
for other existing QTDA algorithms.

Input. Our algorithm makes different assumptions about how the simplicial complex is stored
compared to previous algorithms. We assume we have a list of simplices in the simplicial complex;
this is required for the incremental algorithm as we must iteratively add the simplices and test if
their boundaries are null-homologous. Compare this to existing quantum algorithms, which assume
we have a way of checking if a simplex is included in the simplicial complex.

Our algorithm assumes we have a list oracle that can return the simplices in the simplicial
complex:

Olist = [1)|0) — [i)]i),

where o; is the ith d-simplex of our simplicial complex.
Compare this to the membership oracle used in other QTDA algorithms that can check
whether a simplex is in the simplicial complex:

Omemb : |O-z>‘.7> - |Ul>|] D bl>>

where b; is a bit indicating if o; € ICy.
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These oracles come with different trade-offs. The oracle O,,¢mp does not require computing the
set of simplices in advanced, while O;;; does. However, algorithms that use the membership oracle
Opmemp pay for this in the time it takes to compute a uniform superposition of the d-simplices,
a costly operation leading to a factor of (; = ng/ ( d’fl) in the runtime. Thus, our algorithm is
better suited for sparse simplicial complexes—complexes where ng << ( d?—l) and where the list
of simplices can be computed efficiently—a family of complexes where existing QTDA algorithms

perform poorly; see the section “Runtime” below for more discussion.

Output. The LGZ algorithm estimates the dth Betti number up to an additive factor by returning
a value yq4 such that ‘ Xd — ﬁi(’@‘ < ¢; the problem of computing x4 has been deemed Betti
number estimation. Our algorithm instead returns the Betti number .

Runtime. To compare our algorithm to existing quantum algorithms, we bound the runtime of
our algorithm with respect to the spectral gap of the combinatorial Laplacian. Note that while
we can bound the runtime of our algorithm by the inverse of the spectral gap, this bound is not
necessarily tight.

Corollary 4.11. Let K be a simplicial complex with n; i-simplices. There is a quantum algorithm
for computing the dth Betti number By in time

0 (85 s+ )

min
where Ayin s the minimum spectral gap of Lq[L] over all subcomplexes L C K.

Proof. This follows from Theorem by applying the bounds of Lemma [4:4] Theorem 4.6 and
Lemma to bound Rumax, Cmax, and 5 1 respectively. The bounds on the effective resistance of

min

Lemma 4.4| only apply to unit vectors, so one factor of ng is because of the fact that ||do|| = V/d,
S0 Rmax(00) < dAr;iln. O

Compare this to the LGZ algorithm, which runs in time

o (et

where ng is the number of vertices, € is the error term, A, is the spectral gap of the combinatorial
Laplacian, and (4 is a density term given by
ng
Ca=
(1)
The density term is the ratio of the number k-simplices in the X to number of k-simplices in the
complete complex on ng vertices, which may be exponentially small. For example, when K is sparse,
meaning that the number of d-simplices is polynomial in the number of vertices, the density may

be exponentially small with respect to d. Specifically, if {4 = Q (ng(l)/nngl) =0 <1/n00(d+1)>,
then the runtime of LGZ is
0] (6_2)\7-1 noo(d+1)) .

Compare this to our algorithm, which in this case has runtime
O (A_3/2n8)(1)) .

min
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In this case, our algorithm has a better asymptotic dependence on the size of the complex as it
avoids the factor of ( Cﬁfl). This factor of ( dTl) shows up in many of the alternatives to the LGZ
algorithm, so our algorithm has a more favorable dependence on ng compared to these algorithms
as well. Additionally, we note that the term Ay in our algorithm and Apjn in the LGZ algorithm

are similar but not directly comparable. See the following section.

Effective Resistance and Capacitance vs. Spectral Gap. Our algorithm is parameterized
by the maximum effective resistance and capacitance of all subcomplexes of a simplicial complex
and the square root of the inverse of spectral gap of the simplicial complex, whereas previous
QTDA algorithm are only parameterized by the inverse of the spectral gap of the simplicial complex.
Although for a fized complex, effective resistance and capacitance are upper bounded by the inverse
of the spectral gap, the fact that our algorithm is parameterized by the maximum effective resistance
and capacitance over all subcomplexes means that the runtime of our algorithm is not entirely
comparable to the runtime of existing QTDA algorithms. It is possible are complexes where the
effective resistance and capacitance in subcomplexes are significantly lower than the spectral gap
of the entire complex, and complexes where the effective resistance or capacitance of a cycle in
a subcomplex is larger than the spectral gap of the entire complex. The complete complex is an
example of the second case, as it has the maximal possible spectral gap of ng.

Randomized Order for the Incremental Algorithm. Building on the previous point, while
our algorithm is parameterized by the maximum effective resistance and capacitance in various
subcomplexes, our algorithm can also incrementally add the simplices in any order. This is po-
tentially beneficial as a simplex may have smaller effective resistance or capacitance in one order
than another. Of course, we likely will not know in advance whether or not a particular order of
the simplices results in less or greater resistance and capacitance. However, we still may able to
use this fact to our advantage, as we could run our algorithm multiple times with different orders
to gain confidence that our Betti number computations are accurate, which is not the case with
previous QTDA algorithms.

5 Bounds on Effective Resistance and Capacitance.

In this section, we provide upper bounds on the resistance and capacitance of a cycle v in an
simplicial complex K. Throughout this section, all simplicial complexes are unweighted.

Our upper bounds are polynomial in the number of d-simplices and the cardinality of the torsion
subgroup of the relative homology groups. In particular, our bounds on resistance and capacitance
are dependent on the maximum cardinality of the torsion subgroup of the relative homology group
Hy (L, Ly,7Z), where L C K is a d-dimensional subcomplex and £y C L is a (d—1)-dimensional
subcomplex. In the worst case, our upper bounds are exponential.

In Theorem we provide an example of a simplicial complex containing a cycle v whose
effective resistance is exponential in the number of simplices in the complex. It is important to
reiterate that our bounds are in terms of the torsion of the relative homology groups, not the
torsion of the (non-relative) homology groups. The simplicial complex we provide has no torsion
in its homology groups, only torsion in its relative homology groups.

5.1 Upper Bounds

Our upper bounds rely on a change of basis on the boundary matrix called the Smith normal
form which reveals information about the torsion subgroup of Hy 1(K,Z). We state the normal

19



form theorem below.

Theorem 5.1 (Munkres, Chapter 1 Section 11 [54]). There are bases for Cq(K) and Cq—1(K) such
that the matriz for the boundary operator 0q: Cq(K,Z) — Cy_1(K,Z) is in Smith normal form,

i.€.
= D 0
0 =
=0 4
where D is a diagonal matrix with positive integer entries di, . . .,dy, such that each d; divides d;4q

and each 0 is a zero matrix of appropriate dimensionality. The normal form of 04 satisfies the
following properties:

1. The entries di,...,dy, correspond to the torsion coefficients of Hy_1(K,Z) = ZP¢ @ Zq, @
-+ @ Zg,, (where Z; =0),

2. The number of zero columns is equal to the dimension of ker(dy).

Moreover, the boundary matriz 0 in the standard basis can be transformed to B by elementary row
and column operations. If O is square, these operations multiply det 0 by +1.

Using Theorem we obtain an upper bound on the determinants of the square submatrices of
the boundary matrix J4[K] in terms of the relative homology groups of K. Let L be d-dimensional
subcomplex of I, and let £y be a (d—1)-dimensional subcomplex of K. The relative boundary
matriz 0g[L, Lo] is the submatrix of d; obtained by including the columns of the d-simplices in
L and excluding the rows of the (d—1)-simplices in £y. With the relative boundary matrices, one
can define the relative homology groups as Hy(L, Ly, 7Z) = ker 04[L, Lo]/im Og41[L, Lo]. More
information on the relative boundary matrix can be found in [I4]. We denote the cardinality of the
torsion subgroup of the relative homology group Hy_1(L, Lo,Z) by T (L, Lp). Similarly, we denote
the maximum 7 (£, Ly) over all relative homology groups as Tmax ().

Lemma 5.2. Let 04|L, Lo] be a k X k square submatriz of 04 constructed by including columns for
the d-simplices in L and excluding rows for the (d—1)-simplices in Ly. The magnitude of the deter-
minant of Og[L, Lo] is bounded above by the cardinality of the torsion subgroup of Hq—1(L, Lo, 7Z),
i€
| det (O4[L, Lo]) | < T (L, Lo).

Proof. Without loss of generality, we assume that det(0a[L, Lo]) # 0; if det(9a[L, Lo]) = 0, the
bound is trivial. Since 9y[L, Lo] is a non-singular square matrix, its normal form Jy[L, Lo] is a
diagonal matrix D = diag(dy,...,dx). The determinant is equal to + Hle d; and by Theorem
the torsion subgroup of Hq_1(L, Lo) is Zg, & - - ©Zg, which has cardinality T (L, Lo) = Hle d;. O

5.1.1 Upper Bounds on Effective Resistance

We are now ready to upper bound the effective resistance of a cycle in a simplicial complex.

Theorem 5.3. Let K be a d-dimensional simplicial complex and v a unit-length null-homologous
(d—1)-cycle in K. Let n = min{ng_1,nq}. The effective resistance of v is bounded above by

R+(K) € O (n? - Tomax(K)?).

Proof. First, we remove d-simplices from K to create a new complex £ such that ker(94[L]) = 0
and im 4[K] = im 04[L]. Theorem [B.3|proves that removing d-simplices only increases the effective
resistance, so R+ (K) < R+(L). As ker(94[L]) = 0, there is a unique unit v-flow f € Cy_1(L) which
implies R (L) = ||f||?>. Let n < ng4 denote the number of d-simplices in L.
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The matrix 94[L] has full column rank, so we can find a non-singular n x n square submatrix of
04[L]; call this submatrix B. Let £y be the (d—1)-dimensional subcomplex that contains the (d—1)-
simplices corresponding to rows excluded from B; B is the relative boundary matrix 94[L, Lo]. We
have that Bf = ¢, where c is the restriction of v to the rows of B. Observe that ||c|| < |v]| =1

We will apply Cramer’s rule to upper bound the size of f. By Cramer’s rule we have the equality

det(Bo,c)
1) = ~3a(B)
where B, . is the matrix obtained by replacing the column of B indexed by ¢ with the vector c.

Since det(B) is integral, |det(B)| > 1, so we drop the denominator and focus on the inequality
|f(o)] < |det(Bos,)|. We bound |det(By.)| by its cofactor expansion,

nd

| det(Bye)| = |Y _(~1)" - c; - det(BSL)
=1

< Z |Cz| : Tmax(,C)
=1

= llellx - Tmax (K)

=0 (\/ﬁ ' Trnax(lc))

where Bg’fc denotes the submatrix obtained by removing the column ¢ and removing the ith row
and ¢; denotes the ith component of ¢. The first inequality comes from Lemma as By is the
relative boundary matrix 94[L \ {o}, Lo U 0;], where o; is the (d—1)-simplex corresponding to the
ith row of B. The factor of \/n comes from the fact that |lc||1 < /n|lc||2 and ||¢||2 < 1. Finally, we
compute the flow energy of f as

() =Y flo)?

o€Ly
< Zn: 1 Tonax (K)?
i=1
=0 (n* Tamax(K)?) .
The effective resistance of « is the flow energy of f, so the result follows. O

If £ C K, then the boundary matrix dg4[L] is a submatrix of 94[K]. In particular, Tmax(L) <
Tmax(K). Therefore, the proof of Theorem gives an upper bound on the effective resistance for
any subcomplex £ C K.

Corollary 5.4. Let L C K be a d-dimensional simplicial complex and v a null-homologous (d—1)-
cycle in L. Let n = min{ng_1[L],nq[L]}. The effective resistance of v in L is bounded above by

In Section [5.1.3] we give an upper bound on relative torsion, which implies an upper bound on
the effective resistance purely in terms of the size of the complex.
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5.1.2 Upper Bounds on Capacitance.

We now provide an upper bound for the effective capacitance of a cycle. While upper bounds on
the effective resistance only depended on the norm of the cycle, upper bounds on the capacitance of
the cycle are not. Therefore, we consider the special case where « is the boundary of a d-simplex.
This is a natural assumption as these are exactly the type of cycles considered in the incremental
algorithm for computing Betti numbers (Algorithm [I). While we only prove this special case, we
note that our proof could be adapted to bound the effective capacitance of a cycle whose entries
have constant upper and lower bounds.

Theorem 5.5. Let L C K be d-dimensional simplicial complexes. Let v € Cyq_1(L) be a (d —1)-
cycle that is null-homologous in K but not in L. Let n = min{ng_1,nq}. Assume that v =
Oo for a d-simplex o ¢ L. The effective capacitance of v in K is bounded above by Cy(L,K) €
0] (n ‘ng - TmaX(IC)2).

Proof. Let p be a ~-potential. We upper bound the potential energy of p. By definition, §[L]p =0
and vI'p = 1. We can express these constraints as the linear system

0

O[L] 0
p =

~T 1

We first remove linearly-dependent columns from this linear system until this system has full
column rank. Columns of the matrix are indexed by (d—1) simplices of £, and rows are indexed by
d-simplices of L. Removing columns from 6[£] changes it to the relative coboundary matrix §[L, Lo]
where L is the (d — 1)-subcomplex corresponding to the columns that were removed. Removing
linearly-dependent columns does not change the image of the system of equation, so there is still a
solution r, i.e.

0

O[L, Lo] 0
r=|.

T 1

where c is the subvector of v after removing the columns. The vector r is not a ~y-potential as it
is a vector in Cy_1(L, Ly), not Cyq_1(L). However, we can extend r to be a y-potential by adding
zeros in the entries indexed by Ly. Adding zero-valued entries preserves the length of r.

We now want to remove rows from this matrix so that it has full row rank. Topologically,
removing rows corresponds to removing d-simplices from the complex £ to create a new complex
L1. Note that we must always include the row ¢ to have full row rank; otherwise, » would be a
non-zero vector in the kernel of this system, meaning the system does not have full rank. Removing
these rows gives the linear system

0
0L, Lo 0
r=|.
c 1
Let C = [5[L1, Lo)T CT]T andb=1[0 0 --- 1]T. Note that C is an square matrix of size (say)

m X m, where m <n + 1.
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We use Cramer’s rule to bound the size of ||r||. By Cramer’s rule, r;, the ith entry of r, is

det(Cip)
det(C) ~

T, =

where Cj is the matrix obtained by replacing the ith column with b.

We first lower bound |det (C)|. As C'is a full-rank integral matrix, then |det (C)| > 1. We
now upper bound |det(C;p)|. We calculate det(C;p) with the cofactor expansion on the column
replaced by b. As b has 1 in its last entry and Os elsewhere, the cofactor expansion gives det(C;) =
+1- det(Cl:C) where O i is the matrix where we dropped the ith column and the row ¢ from Cj.

The matrlx e i} 1S a square submatrlx of 0[K], so we can bound |det(C;p)| < Tmax(KC). Thus,

7]l =

m

2
Z Ti
=1

< /M Tmax(K)?
< v max( )2
= \F Tmax( )

The potential energy of r is [|§[K]r||?>. We can use Lemma [4.5| to obtain the bound ||6[K]r||? =
O (TL . nO * Tmax(’C)Q). D

5.1.3 TUpper Bound on Relative Torsion.

To conclude this section, we provide an upper bound on Tyax(K).

Lemma 5.6. Let K be a simplicial complex. Let n = min{ng_1,nq}. Then the mazimum rank of
any (d — 1)-dimensional relative torsion group of K is Tnax(KC) € O((V/d + 1)™).

Proof. By the proof of Lemma the quantity Tmax(K) is the absolute value of the determinant
of some submatrix of d;. We therefore bound the determinant of such a submatrix. We prove this
bound using Hadamard’s Inequality: the determinant of an m X m matrix B is upper-bounded
by the product of the norms of its columns.

Consider a square, m x m submatrix B of d;. We know that m < n. Moreover, any column of
B has norm bounded above by +/d + 1. This bound follows from the fact that each column of 9y
has norm exactly v/d + 1; each column has d + 1 nonzero entries, each of which is +1. The bound
of the lemma follows by Hadamard’s Inequality. O

Lemma [5.6] immediately implies the corollaries to Theorem [5.3] and Theorem

Corollary 5.7. Let K be a d-dimensional simplicial complex and v a unit-length null-homologous
(d—1)-cycle in K. Let n = min{ng_1,nq}. The effective resistance of v is bounded above by
R~(K) € O (n2(d + 1)”)

Corollary 5.8. Let L C K be d-dimensional simplicial complexes. Let v € Cy_1(L) be a (d —1)-
cycle that is null-homologous in K but not in L. Let n = min{ng_1,nq}. Assume that v = Oo

for a d-simplex 0 ¢ Lq. The effective capacitance of v in K is bounded above by C,(L,K) €
O(n-no-(d+1)").
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Figure 3: Left: Stellar subdivision of a triangle. Middle and Right: Top and bottom view of the
stellar prism of a triangle with the tetrahedra pushed apart.

5.2 Lower Bounds.
5.2.1 Lower Bounds on Effective Resistance

At the end of the previous section, we gave an exponential upper bound on the effective re-
sistance of a (d — 1)-cycle in a simplicial complex (Corollary . In this section, we describe
a d-dimensional simplicial complex Bj} with a (d — 1)-cycle v with exponentially-large effective
resistance with respect to the size of the complex.

Theorem 5.9. Let d, n be positive integers. There is a constant cqg > 1 that depends only on d
and a d-dimensional simplicial complez BY} with ng € ©((d + 1)3n) d-simplices and a unit-length
null-homologous cycle v € Cy_1(BY) such that R+(B}) € ©(c;?).

The building block. Our simplicial complex will be obtained by gluing together multiple in-
stances of the same “building block” By. A formal description of By is given in Appendix
here, we give an intuitive description of the complex. Let A% denote the closure of the d-simplex
o = {vo,...,vq}, and let 9A? denote the (d — 1)-dimensional simplicial complex A%\ {o}. Our
construction starts with a triangulation of the space dA? x [0,1] that we call the stellar prism.
The “bottom copy” dA? x {0} is triangulated like the original complex OAY, and the “top copy”
OA? x {1} is triangulated with the stellar subdivision, the subdivision that adds a vertex to the
center of each (d — 1)-simplex. See Figure 3| The relevant property of this triangulation is that the
bottom copy has d 4+ 1 (d — 1)-simplices, and the top copy has d - (d + 1) (d — 1)-simplices. The
building block B, is obtained from this triangulation by identifying the vertex in the center of
each (d — 1)-simplex 7 x {1} with the unique vertex in o x {1} \ 7 x {1}, the unique vertex in the
set o x {1} that is not a vertex of the simplex 7 x {1}. See Figure

When we identify the vertices, each (d — 1)-simplex in the top of the stellar prism is replaced
by one of the (d — 1) faces of o x {1}. Moreover, this is replacement is d-to-1, meaning each face of
o x {1} replaces a (d — 1)-simplex exactly d times, or informally, each (d — 1)-simplex “appears d
times” in the top copy of By. Of course, this is not literally true, as a simplicial complex can only
contain a single copy of each simplex. However, something to this effect is true. Namely, there is a
d-chain f € Cy(Bg) whose boundary assigns value +1 to each (d — 1)-simplex in the bottom copy
and value +d to each (d — 1)-simplex in the top copy. The key properties of the building block By
are summarized in the following lemma.

Lemma 5.10. Let 0 = {vo,...,vq} be a set. There is a d-dimensional simplicial complex By with
vertices o x {0,1} such that

1. By has ©((d + 1)3) d-simplices.
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(v,0)
™

1) (v2,0)

Figure 4: The complex B3. Recall that the vertices of B3 are of the form (v;,j) for 0 < i < 2 and
0 < j < 3; colors in the figure denote the second coordinate of the vertices. Vertices with the same
label are identified.

2. there is a d-chain f € Cy(Bg) such that

(i) 0f = (0 x {0}) +d- (o x {1})
(i) || fII* € Q(d+1)%)

Note that neither of the simplices o x {0} or ¢ x {1} are in Bg; however, all of their faces are in
the complex, so the boundary of these simplices are well-defined.

The total complex. The complex B} is obtained by gluing together n copies of B;. We describe
this gluing inductively on n. The vertices of B} are o x {0, ...,n}. The base case 82 is the complete
complex on the vertices o x {0}. Inductively, the complex B} is obtained from Bg_l by identifying
the vertices o x {n — 1} of B! with the vertices o x {1} of a copy of B,. We will denote this copy
of Bq as B)} and the vertices o x {0} of B} as o x {n}. See Figure

The key property of B} is that is has an exponentially-large chain with constant-sized boundary.

Lemma 5.11. Let d > 1 and n > 1. There is a d-chain y, € Cq(B}) such that
1 lya|* € Q(d?*"(d + 1))
2. |oynl?> =d+1

Proof. We construct this chain by induction on n. The chain y,, will have dy,, = d(c x {n}). For
the base case n = 0, the chain yg = o x {0} clearly has this property.

For the inductive case, recall from Lemma that there is a d-chain f € C4(By) such that
Of = 0(ox{0})+d-0(c x{1}). Let f,, denote this chain in B)}. We define the chain y,, := f,—d-yp_1.
We now verify that y,, has boundary d(c x {n}).

OYyn =0fn —d - Oyn—1
=0(c x{n})+d-0(cx{n—1})—d-9(c x {n—1}
=0(c x {n})
It is clear that ||0y,||> = d + 1, so we just need to lower bound |[ly,||?. We prove that |y,|? €
Q(d?*(d 4 1)) by induction. For the base case of n = 1, we know that [|y1||* € Q((d + 1)3) by

Lemma [5.10, For the inductive case, we can see that f,, | y,—1 as these chains are supported on
different sets of simplices. Therefore, ||y,||?> = ||fall? + d? - |yn_1] € Q(d?"(d + 1)). O

Lemma shows that B} has an exponentially-large d-chain f with constant-sized boundary.
If we can show that ker d; = 0, this will prove that Jf has exponentially-large effective resistance,
as f will be the only d-chain with boundary 9f.
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Corollary 5.12. The kernel of the boundary matriz 0q[B}j] is trivial, i.e. ker 0q[B}j] = 0.

Proof. Lemma in Appendix [F| shows that B collapses to a (d — 1)-dimensional subcomplex;
call this subcomplex L. This implies that B} is homotopy equivalent to L, so in particular, the
d-dimensional homology Hy(B}) = 0. As B} is d-dimensional, then im 0411[B]}] = 0, so the only
way that Hg(B}}) can equal 0 is if ker 0q[B}}] = 0. O

Proof of Theorem[5.9 Our cycle is the normalized cycle v = 9y, /||0yn|| where y, is the d-chain
from Lemma We know that ||y,[|2/]|0yn|?> € Q(d?"). Moreover, we know that ker 93 = 0 by
Corollary Therefore, we conclude that effective resistance R (B7) € ©(d*").

Now we need to restate this bound in terms of the number of d-simplices of B);. Each copy
of By has O((d + 1)®) d-simplices. Therefore, the entire complex B? has nqg = O(n - (d + 1)3)
d-simplices. If we substitute ng into our bound, we find that the effective resistance is bound below
by O((d + 1)/ C'(‘“1)3) for some constant c. Therefore, the constant in the theorem statement is
Cqg = (d+ 1)2/c~(d+1)3‘ 0

Related Work. Variants of this construction are sometimes called the Iterated Mapping Cylinder
and have been used as a worst-case construction for other topological properties like torsion [56],
homotopy [21I], or embeddability [7, 22]. However, ours is the first work showing these complexes
have a cycle with exponentially-large effective resistance (or exponentially-small spectral gap, as
we will see later.) We were specifically inspired by the work of Newman [56].

However, our construction is more efficient than previous constructions of the Iterated Mapping
Cylinder in terms of the number of d-simplices; this is why we dedicate several pages in the appendix
to this construction. As an example, the building block in Newman’s construction is the iterated
suspension of the Mébius band, and the number of d-simplices in the suspension grows exponentially
with the dimension d. Comparatively, the number of d-simplices in our building block only grows
polynomially with the dimension. Additionally, our construction has a cycle with +1 coefficients
that is homologous to a cycle with +d coefficients; in contrast, previous works have a cycle with
+1 coefficients that is homologous to a cycle with +2 coefficients. Both of these properties result
in a larger constant cg in Theorem It is an open question if there is a simplicial complex with a
cycle whose effective resistance exactly matches the constant of the lower bound, i.e. ¢5 € ©(d+1).

5.2.2 Lower Bounds on Capacitance.

In this section, we describe a pair of nested simplicial complexes that have a cycle with expo-
nentially large effective capacitance. This complex will be built from the same building block as
the complex for lower bounding effective resistance, but the simplicial complex will built by gluing
together the building blocks in slightly different ways.

Recall that the building block is a simplicial complex B, with vertices o x {0,1}, where o =
{vo,...,vq} is a d-simplex. For a natural number n, we recursively construct the simplicial complex
Q7. The simplicial complex Q7 is obtained by gluing together n copies of B;. The vertices of QF
will be denoted o x {0,...,n}. The base case Q} is the complete complex on the vertices o x {0}.
Inductively, the complex Q7 is obtained from ngl by identifying the vertices o x {n — 1} of Q’;*l
with the vertices o x {0} of a copy of Bdee will denote this copy of By as B} and the vertices
o x {1} as 0 x {n}. The simplicial complex P} is defined Qg_l minus the simplex o x {0}.

It is worth comparing Q% to the simplicial complex B} from the bounds on effective resistance. Both complexes
are obtained by identifying vertices of copies of the building block Bg, but the identifications are made in different
ways. When a building block is added to B to form B, its “top” o x {1} is identified with o x {i}. When a
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We will prove that the cycle v = d(o x {n} has exponentially large capacitance in P} C QJ.
In order for v to have finite capacitance, the cycle v must be null-homologous in Q7 but not
null-homologous in P}. We prove this in the following lemma.

Lemma 5.13. Let P} and Q} as described above. Consider the chain 0(o x {n}) € Cq(P}).
1. The (d —1)-chain (o x {n}) + (—1)""12-0(c x {0}) is null-homologous in P%.
2. The (d — 1)-chain 0(c x {n}) is null-homologous in Q.
3. The (d — 1)-chain O(o x {n}) is not null-homologous in P} .

Proof. Proof of Part (1) We will prove that the cycle d(o x {i})+ 58(c x {0}) is null-homologous in
@, by induction on i. Specifically, we will find a d-chain y; such that dy; = d(o x {i})+ %8(0 x {0}).
For each copy of the building block B, let f; € Cyq(B%) be the d-chain guaranteed by Lemma
such that 0f; = (o x {i — 1}) +d - 9(c x {i}). For the base case of i = 1, the d-chain y; = 5 f1.
Inductively, we define the chain y; = é fi— éyi_l. We can verify that y; has the claimed boundary
as

1 1
yi —gafi — ani—l

—0(o x {i}) + %a(g < {i—1}) — é@(a < {i— 1)) + (-1)%’—1%6(0 « {0})

=0(0 x {i}) + (~1)"™ (o x {0))

Proof of Part (2) As the simplex (0 x {0}) € Q%, then the chain y, + (—=1)"=: - (0 x {0})
obviously has boundary d(c x {n}).

Proof of Part (3) To prove that 0(c x {n}) is not null-homologous in P}, we will use two
lemmas we prove in the appendix. Lemma shows that P} collapses to a (d — 1)-dimensional
subcomplex—call it L—containing the support of d(o x {n}). Lemma shows that for nested
complexes L C K such that K collapses to L, a cycle is null-homologous in L if and only if it is
null-homologous in K. As d(o x {n}) is not null-homologous in L (L is (d — 1)-dimensional, so
im 04[L] = 0), then d(o x {n}) is not null-homologous in P} either. O

Theorem 5.14. Let d, n be positive integers. There is a pair of nested d-dimensional simplicial
complezes P} C Q% with ng € O((d + 1)3n) d-simplices, a unit-length null-homologous cycle v €
Cy-1(QY), and a constant cq > 1 that depends only on d such that C, (P}, Q) € O(c)?).

Proof. The complexes P} and Q; are the complexes described in the preceding paragraphs. The
cycle y = 9(o x {n})/v/d + 1, where v/d + 1 is a normalization factor. We must show that any unit
~y-potential p has exponentially-large potential energy.

Let p be any unit y-potential in P}. We know that 47p = 1 and §4_1[P%p = 0. As §4_1[P%] =
0T [P4], the second condition is equivalent to saying that p’b = 0 for any vector b € im 9,[PF].
Lemma Part 1 proves that 9(o x {n})+(—1)""1d"9(o x {0}) € im 94[PF], so the previous two
facts imply p” (0(o x {n})+(—=1)""1d""(0(c x{0}))) = 0. As pTd(c x {n}) = Vd+ 1 and p” (0(c x

building block is added to Q to form Qi) its “bottom” o x {0} is identified with o x {i}. It is easiest to see
the difference between By and Qj by considering the cycle d(c x {n}) in both complexes. The unique d-chain
f € Cq(Bg7) with boundary d(c x {n}) assigns exponentially-large coefficients to some d-simplices. In contrast, the
unique d-chain f € C4(Qy) assigns exponentially-small coefficients to some d-simplices. (This is a corollary to the

proof of Lemma )
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{n}) + (=1)"'d""(8(c x {0}))) = 0, then we conclude that p”d(c x {0}) = (—1)""*d"/v/d+1.
Moreover, as the only d-simplex in QJ} that is not in P} is o x {0}, then the fact that é4—1[P}]p =0
implies that the potential energy [64—1[Q%]p[|> = (pT0(o x {O}))2 = Q(d*™).

This shows that p has exponentially-large potential energy with respect to n. By the same
argument as in the proof of Theorem [5.9] we can show that p also has exponentially-large potential
energy with respect to ng, but for a different (but constant) base of the exponent cg. O

6 Bounds on the Spectral Gap

Our lower and upper bounds on effective resistance imply lower and upper bounds on the
spectral gap of the combinatorial Laplacian. This is because the spectral gap is the inverse of
the maximum effective resistance of all unit-length, null-homologous cycles, a fact we proved in
Lemma [£:4] Therefore, a corollary of Theorem is that the spectral gap of the combinatorial
Laplacian can be exponentially-small in the worst-case. This resolves one of the most important
open questions in the field of Quantum Topological Data Analysis and shows that Betti Number
Estimation algorithms must run for an exponentially-long time to exactly compute Betti numbers.

6.1 Exponentially-small spectral gap.

Based on this connection between the spectral gap and effective resistance of Lemmas [£.4] and
we can derive lower and upper bounds on the spectral gap of the d-combinatorial Laplacian
as corollaries of the upper and lower bounds on the effective resistance (Corollary and The-
orem [5.9)). While lower bounds on the spectral gap were previously known (see for example [22]
Proof of Theorem 1.2]), one advantage of our proof is that it provides a necessary condition for
large spectral gap, namely the existence of a subcomplex with exponentially-large relative torsion.

Theorem 1.2. Let K be a simplicial complex. Let n; be the number of i-simplices of K. Let
n = max{min{ng_1,nq}, min{ng,ngr1}}. Then the spectral gap Amin(L4[K]) € Q (ﬁ)

Theorem 6.1. Let d, n > 1. There is a d-dimensional simplicial complex Bl} with nqg € O((d +
1)2 - n) d-simplices and a constant cq > 1 that depends only on d such that the spectral gaps of
Lq_1[B}] and Lg[Bj] are O(C%d).

d

We remark that we can also derive lower bound of the spectral gap in terms of relative torsion
as a corollary to Theorem This implies bounded spectral gap for simplicial complexes with
no relative torsion, as remarked upon by Friedman [23, Theorem 7.2] in the case of orientable
d-manifolds.

6.2 Many Small Eigenvalues.

Corollary shows there is a simplicial complex with a single small eigenvalue. It is natural
to ask whether there is a bound on the number of very small eigenvalues a simplicial complex
can have. This is relevant to QTDA algorithms that work by counting the number of eigenvalues
smaller than a given threshold. Here, we provide a complex M with a polynomial number of
exponentially-small eigenvalues.

Corollary 6.2. Let n,d > 1. There exists a simplicial complex M? with ng € O((d + 1)® - n)
d-simplices and a constant cq > 1 that depends only on d such that both Lq_1[M}] and Lg[M}]
have Q(\/ng) eigenvalues of size O(—=).

Cnd
d
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Proof of Theorem[6.3 This follows from Part 2 of Lemma [2.2] relating the spectrum of a complex

to the spectra of its connected components. We define the complex M7} to be ng disjoint copies of

the BYj of Corollary . The complex M has n? d-simplices and n, eigenvalues of size O(C%d). O
d

6.3 Clique-Dense Complexes.

Existing QTDA algorithms perform best when the simplicial complex is clique-dense, meaning
dT1)5 However,
the simplicial complex we constructed in Theorem is sparse: it only has ng € O((d + 1)?ng)
d-simplices. Therefore, Theorem does not rule out the possibility that clique-dense complexes
avoid worst-case spectral gap.

However, in this section, we show that we can extend the construction of Theorem to clique-
dense complexes (at the expense of making the constant ¢4 of the exponent smaller.) To do this,
we use a probabilistic coloring argument of Newman [56] that reduces the number of vertices of a
simplicial complex while preserving the number of d-simplices and the Laplacian.

We begin with definitions. A coloring of a simplicial complex is a map on its vertices ¢ : Ky —
N. The pattern complex of a simplicial complex K with coloring ¢ is the simplicial complex
Ke = {{c(v) : v € 0} : 0 € K}; intuitively, the pattern complex of K is the simplicial complex
obtained by identify all vertices of K of the same color and identifying all simplices whose vertices
have the same set of colors. While a simplex in K may be mapped to a lower-dimensional simplex
in the pattern complex K. if two of its vertices are the same color, we are only considered with
colorings where this does not happen. A proper coloring of a d-dimensional simplicial complex
K is a coloring ¢ : Ky — N such that (1) the endpoints of each edge in K are different colors and
(2) {c(v) :v € o1} # {c(v) : v € o2} for any distinct (d — 1)-simplices 01,02 € K. Note that for a
proper coloring, condition (1) guarantees that each simplex in K corresponds to a simplex of the
same dimension in .. Additionally, K and K. have the same set of (d — 1) and d-simplices up to
recoloring. Proper colorings are relevant to our paper as they preserve the spectral gap.

that the simplicial complex has close to the maximal number of d-simplices, i.e ng ~ (

Lemma 6.3. Let K be a d-dimensional simplicial compler and let ¢ be a proper coloring of K.
Then Amin(Ly" 1 [K]) = Amin (L1 [Kc])

Proof. This follows as K and K, have the same set of (d — 1) and d-simplices up to recoloring, so
the boundary maps 94[K] and 94[K.] are the same up to the signs on the simplices; however, the
spectrum of the up Laplacians L,” | [K] and L}”, [K.] are unaffected by different orientations of the
simplices ([24, Theorem 4.1.1]), so the lemma follows. O

Newman’s method also requires bounds on a generalized notion of degree. For a d-dimensional
simplicial complex IC and natural numbers 0 < i < j < d, define A; ;(K) = max ek, [{T € Kj:0 C
7} and A(K) = max;<;<j<q Ai;(K). Newman used a probabilistic argument to show that for a
d-dimensional simplicial complex K there was always a proper coloring with a bounded number of
colors.

Lemma 6.4 (Lemma 3, Newman [56]). Let K be a d-dimensional simplicial complex such that
A(K) > 4. Then there is a proper coloring ¢ of K with at most 18(A(K) + 1)8d° ¢/ng colors.

This implies the following corollary of our bound on the spectral gap.

Theorem 1.3. Let d,n > 1. There are constants cq, kq that depends only on d and a d-dimensional
simplicial complex C} with ng = Q(kq (")) d-simplices such that the spectral gaps Amin(Lq—1[C3]),
)\min(Ld[Cg]) S O(CZ%)
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Proof. This is a corollary to Theorem [6.1, Lemma [6.3, and Lemma[6.4} The simplicial complex C}

is a pattern complex of a coloring ¢ of the complex BJj from Theorem This coloring c is the

coloring guaranteed by Lemma This coloring has f(d)/ng colors for some function f; we can

see this by bounding A(B]) by a function of d. Examining its construction in Section each

simplex in B} is in at most two different building blocks. Each building block has 2(d+ 1) vertices,
4d—i—1

so for any 1 < ¢ < j < d, an i-simplex in B} is incident to at most ( i ) j-simplices. Thus,

A(B]}) is at most some function of d. Therefore, there is a simplicial complex with 1y = f(d) &/ng

vertices and 6 ((;lal)?j ﬁod) d-simplices. As (720) < (%)d, then there are Q(kq (TZO)) d-simplices in
3
Cl} for some appropriate function f(d) = (%). O

6.4 Variants of the Laplacian.

We finish this section by showing how our results imply upper and lower bounds on the spectral
gap of several variants of the Laplacian.

6.4.1 Boundary Matrix.

The QTDA algorithm of McArdle, Gilyén, and Berta [50] is not parameterized by the spectral
gap of the combinatorial Laplacian; rather, it is parameterized by the spectral gap of the boundary
matrices. However, the non-zero singular values of the d* boundary matrix 9, are the square roots
of the eigenvalues of the (d — 1) up Laplacian L}’ | as L), = 940F. Therefore, Theorem
and Theorem imply exponential upper and lower bounds on the spectral gap of the boundary
matrix.

6.4.2 Normalized Laplacian.

We now show that the normalized up Laplacian ﬂzp can also have exponentially-small spectral
gap. While the eigenvalues of the unnormalized d*® up Laplacian Lsp are in the range [0, no], the
eigenvalues of the normalized d*® up Laplacian are in the range [0, d+2] [35, Theorem 3.2.i]. As the
normalized up Laplacian has a constant upper bound on its eigenvalues, it is reasonable to suspect
the normalized up Laplacian also has a constant lower bound on its eigenvalues. Theorem [6.5]shows
this is not the case.

Corollary 6.5. Letd, n > 1. There is a d-dimensional simplicial complex B)} with ng € ©(poly(d)-
n) d-simplices and a constant cq > 1 that depends only on d such that the spectral gap the normalized
up Laplacian is Amin(L})') € O(Cn%).

d

Proof. This follows from Theorem and Lemma The statement follows as dmin[Bj] = 1. O

6.4.3 Persistent Laplacian.

Recently, Wang, Nguyen, and Wei [67] introduced the persistent Laplacian of simplicial
filtrations as a generalization of the combinatorial Laplacian. The spectral gap of the persistent
Laplacian has since appeared as a parameter of quantum algorithms for computing persistent Betti
number [33], so lower bounding it is also of interest to QTDA. Mémoli, Wan, and Wang [52]
Theorem SM5.8] prove that persistent Laplacians preserve effective resistance of cycles; therefore,
the bounds on the spectral gap of the combinatorial Laplacian also apply to the persistent Laplacian
by Lemma
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7 Conclusion and Open Questions.

In this paper, we propose a new span-program-based quantum algorithm for computing Betti
numbers. This algorithm is a novel approach to QTDA that is more similar to classical incremen-
tal algorithms for computing Betti numbers than previous QTDA algorithms. Unfortunately, we
show that, in the worse case, the span-program based algorithm takes exponential time due to
cycles with exponentially-large effective resistance or effective capacitance. However, as a corol-
lary to exponentially-large effective resistance, we prove that the spectral gap of the combinatorial
Laplacian can be exponentially small. This proves that all known QTDA algorithms also require
exponential time in the worst case. Below we discuss some of the questions left open by our work.

Incremental Quantum Algorithm for Persistent Betti numbers. Our algorithm incre-
mentally computes the Betti number of a simplicial complex. While the classical algorithm for
computing persistent Betti numbers is incremental [69], our algorithm is unable to perform per-
sistent pairing. In other words, our algorithm can identify when a homology class dies, but it
cannot identify when that homology class was born. It is an open question whether our algo-
rithm can be adapted to compute the persistent Betti numbers of a simplicial complex. There are
quantum algorithms for computing persistent Betti numbers [33], 50], but these algorithms are not
incremental.

Lower Bounds or Expectation of the Spectral Gap. Theorem shows that the spectral
gap of the combinatorial Laplacian can be exponentially small. However, it is an open question
how common these sorts of worst-case complexes are. While there are exact or expected lower
bounds for certain families of simplicial complexes [4] 23] 28|, 44 [45], [46], 63, [68], it is still unknown
what the expected spectral gap is, or if there are lower bounds on the spectral gap, for all simplicial
complexes, or for families of simplicial complexes of interest like Vietoris-Rips complexes.

Cheeger Inequalities and Implications of Exponentially-Small Spectral Gaps. The ex-
istence of simplicial complexes with exponentially-small spectral gap implies that existing QTDA
algorithms cannot exactly compute Betti numbers without running for an exponentially long time;
however, they can solve the related problem of Approxzimate Betti Number Estimation [30]
(ABNE) of counting the number of eigenvalues of the Laplacian smaller than a given threshold.
However, it remains an open question how useful approximate Betti number estimation is in prac-
tice.

A potential interpretation for approximate Betti number estimation could come in the form of
a higher-dimensional Cheeger inequality. The Cheeger inequality in graphs relates the smallest
eigenvalue(s) of the graph Laplacian to a value called the Cheeger constant that measures the
existence of (multi-way) sparse graph cuts [11],[43]. Intuitively, if the Hodge Theorem (Theorem [2.1])
says that the graph Laplacian has more than one zero eigenvalue if and only if the graph is discon-
nected, then the Cheeger inequality says that it has small non-zero eigenvalues if and only if it is
“almost” disconnected.

However, higher-dimensional generalizations of the Cheeger inequality remain elusive. Ideally
(for the purpose of ABNE), a higher-dimensional Cheeger inequality would say something similar:
a simplicial complex “almost has non-trivial d-homology” or “has a sparse cut” if and only the
d™ combinatorial Laplacian has small non-zero eigenvalues. One hurdle is that it is not clear
how to generalize the notion of “sparse cut” to higher dimensions. While there have been several
definitions proposed for a Cheeger constant for higher-dimensional Laplacians [25, [47) 53], 58], one
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or both sides of a Cheeger inequality have failed for these constants [27, 28, 58| 64]. Our work
provides another counterexample to these Cheeger inequalities; the spectral gap of our worst-case
complexes is exponentially small, but the proposed notions of Cheeger constant cannot be.

A recent paper presents a two-sided Cheeger inequality [39] that connects the spectral gap of
the combinatorial Laplacian to a Cheeger constant based on the 1-norm of chains. This Cheeger
inequality does not have the same interpretation as the graph Cheeger inequality of implying that
simplicial complexes with small eigenvalues “almost have non-trivial homology” though. It remains
an open question if such a higher-dimensional Cheeger inequality exists.
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A  Proof of Lemma [2.5]

Lemma 2.5. Let K be a simplicial complex. Let dpyi, and dpax be the minimum and mazimum
degrees of any d-simplex in K. Suppose that dmin > 0. The normalized and unnormalized spectral
gap are related as follows:

1 -
7)\min(L£uip) S )\min(Lsp) S

dmax min

Amin(Lsp)
Proof. Following the same steps as in the proof of Lemma we can see that )\min(f/zp ) =
Amax ((LGP)F). Therefore, we will prove the follow equivalent statement:

dmin)\max((LZp)+) S )\max((isp)—i_) S dmax)\max((LZp)+)

Also from the proof of Lemma we see that Amax((L5F)F) = max{z” (L) 2 : |z = 1,2 €
im D~20,11}. For a vector z € im L}}?, following the steps of Lemma we conclude that

2T (L) e = min{|ly]]? : D~/ 2041y = o}
As D'/? is a bijection, then we further conclude that
2T (L) =min |yl : D™20441y = 7}
—min{ly|? : D1y = D'}
:RDI/Qr(IC)

We have the bound Rp1/2,(K) = ||DY22|?Rz(K) > dminRz(K). As the chain D'/2z € im 9,44 if
and only if € im D~Y/29,, 1, we have the general bound:
Amax (L3 T) =max{zT (L") Yz : |z|| = 1, 2 € im D120, }

=max{Rpi/2,(K): |z]| =1, z € im D429}

>dmin max{ R, (K) : |Z|]| =1, T € im 9y}

:dmin)\max((LZp)+) (Lemma
To prove )\max((ﬂgp )T) < dmaxAmax(Ly,")"), we can similarly prove that

Amax (L)) = {(D722) (L) N (D722 < ||z = 1, 2 € im 9ga ),

and the rest of the proof follows similarly. O
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B Properties of Effective Resistance: Parallel, Series, and Mono-
tonicity Formulas.

We now prove there are formulas for effective resistance in simplicial complexes analogous to the
series and parallel formulas for effective resistance in graphs. These formulas not only are useful for
calculating effective resistance, but they also provide intuition for effective resistance. In particular,
they provide justification for the claim that effective resistance measures “how null-homologous” a
cycle is in a complex.

Theorem B.1 (Series Formula). Let K1 and Ko be simplicial complexes with v € Cyq_1(K1) N
Cy_1(K2), Cy(K1) N Cy(K2) =0, and v null-homologous in K1 and Ko. Let K = K1 U Ks. Then

R’Y(K) < R’Yl (ICl) + R“/z (ICQ)'
Equality is achieved when ~v1 and 7o are the unique chains in Cy(K1) and Cyq(K2) that sum to ~.

Proof. Let v; and 2 be null-homologous cycles in X1 and Ko respectively that sum to v, and
let f; and fo be the minimum-energy unit v1- and ~o-flows, respectively. Then f = f1 + fo is a
unit y-flow, and we can bound R~ (K) < J(f) = J(f1) + J(f2) = R+, (K1) + R+, (K2); the equality
J(f) = J(f1) + J(f2) follows from the fact that K; and Ko have disjoint sets of d-simplices.

To prove the other direction, observe that v can always be written as the sum of two null-
homologous chains y; € Cy—1(K1) and 72 € Cy—1(K2). Any unit y-flow g defines null-homologous
(d — 1)-cycles 71 and 2 that sum to «; namely, if g; and gy are the restriction of g to K1 and Ko
respectively, then v; = d¢g1 and 2 = Jdgo.

If v can be uniquely decomposed as v = y1 + 72, then any unit y-flow f can be decomposed
as a unit y;-flow f; and a unit yo-flow fo. It follows that the energy of f is minimized when the
energy of f; and f, are both minimized. Hence, R (K) = R, (K1) + R+ (K2). O

Theorem B.2 (Parallel Formula). Let K1 and Ko be simplicial complexes with v € Cy—1(KC1) N
Cy_1(K2), Cy(K1) N Cy(K2) = 0, and v null-homologous in K1 and Ko. Let K = K1 UKq. Then

1 1 -1
Rylh) < (wm * wcz))

Equality is achieved when im 0g[KC1] N im 04[[Ca] = span{~v}.

Proof. Let f; and f2 be the minimum energy unit «-flows in Ky and Ky resp. For any ¢ € R, the
chain g, = tf1 + (1 — t) f2 is a unit -flow in K. We can therefore bound the effective resistance
over the minimum of these combinations as R (K) < minger J(g¢).

To get the tighest bound of R, (K), we now derive top := argminscgr J(g;). Observe that
Jge) = 2I(f1) + (1 = £)2I(f2) = 2R (K1) + (1 — t)?*R(K2); this follows from the fact that K;
and K9 have disjoint sets of d-simplices. The quantity J(g¢) is a positive quadratic with respect to
t, SO topt is the value of ¢ where the derivative of J(g¢) is 0. Taking the derivative, we find that
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Figure 5: Left: The cycle v is the blue boundary with +1 coefficients, and the unique unit y-flow is
the 6 triangles in series. If the complex is unweighted, then the effective resistance of v is 6. Right:
The cycle 7 is the equator of the sphere, and the two hemispheres are two unit ~-flows in parallel.
If each hemisphere has flow energy c, then the effective resistance of v is 5.

topt = Ry (K2)/ (R~ (K1) + R, (K2)). Plugging topt into J(gz,,, ), we find that

_ R+(Ks2) 2 R+(Ks2) ?
J(gtopt) - <R7(K1)’y—|— R»y(lCQ)) R’y(lcl) + (1 — R,y(lcl)’y—k R,Y(ICQ)> R’y(’CQ)

= Ry (o) i R+ (K1) 2

~(mmrs ) B0+ (s ms) *
1 2

<R7(IC1) —i—Rw(ICQ)) (R’Y(ICI) +727(IC2))RW(IC1)R7(/C2)

Ry (K1)Ry(K2)
R~ (K1) + Ry (K2)

- (Rv<1/c1> i Rv<lfc2>>l

This implies the upper bound on R,(K) in the theorem statement. To get the lower bound,
observe that any unit y-flow ¢ in I can be orthogonally decomposed into chains g; € Cy(K1) and
g2 € Cy(K2), so g1 + gz = . We claim that dg; = ty and dga = (1 — t)y for some value of t; if
not, then dg; =ty +n and dga = (1 — t)y — n for some non-zero chain 7 ¢ span{~}, which cannot
be the case as im Ok, Nim Jx, = span{vy}. This proves the chain g is a linear combination of a unit
~v-flow in KC; and a unit y-flow in Ko. The chain g; is the lowest energy such linear combination. [

Figure 5| shows examples of unit ~-flows in series and parallel. These formulas justify the claim
that the effective resistance of a null-homologous cycle v is a measure of how null-homologous 7 is.
The more chains with boundary -y, the smaller the effective resistance of «v by the parallel formula.
The smaller the chains bounding ~y, the lower the effective resistance by the series formula.

Another important property of effective resistance in graphs is Rayleigh monotonicity.
Rayleigh monotonicity says that adding edges to the graph can only decrease the effective re-
sistance between any pair of vertices; this reinforces the notion that effective resistance measures
how well-connected a pair of vertices are, as adding an edge can only make a pair of vertices better
connected. We prove a similar result for simplicial complexes.

Theorem B.3 (Rayleigh Monotonicity). Let L C K be simplicial complezes. Let v € Cq_1(K) N
Ca-1(L) be a cycle that is null-homologous in both complexes. Then R (K) < R (L).
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Proof. As Cyq(L) C Cy(K), then any unit y-flow in £ is also a unit y-flow in K. As the effective
resistance is the minimum energy of a unit y-flow, then clearly R (K) < R, (L). O

C Duality of Resistance and Capacitance in Embedded Complexes.

In this section, we consider the effective capacitance of a cycle in the special case when K is a
d-dimensional simplicial complex with a given embedding into R?T!. In this case, K is called an
embedded complex. Embedded complexes serve as a high-dimensional generalization of planar
graphs and naturally admit a dual graph. We will show that the effective capacitance of certain
(d — 1)-cycles v in K are equal to the effective resistance between a pair of vertices in the dual
graph that are “dual” to . This theorem generalizes the analysis of capacitance in planar graphs
given by Jeffery and Kimmel [38]. Hence, we can parameterize the quantum algorithm deciding if
~ is null-homologous (Theorem [4.9)) in terms of the effective resistance of v in K and the effective
resistance between the pair of vertices in the dual graph. Specifically, we will generalize the special
case of planar graphs for which the vertices s and t appear on the boundary of the same face.
Throughout this section we assume we are given the embedding as input. Computing the dual
graph from an embedding can be done in polynomial time [15].

C.1 Duality in Embedded Complexes.

The Alexander Duality theorem [32], Corollary 3.45] states that for a d-dimensional simplicial
complex K with an embedding into R*!, the complement RT1\ IC consists of 34[K] 4 1 connected
components. We call these connected components voids. Exactly one of these voids is unbounded.
We denote the bounded voids as V; for 1 < i < §; and the unbounded void as V,,. Moreover, the
boundaries of the bounded voids generate the homology group Hy(K). The embedding implies that
each d-simplex is contained on the boundary of at most two voids, and we make the assumption
that the d-simplices are oriented consistently with respect to the voids. That is, if a d-simplex is
on the boundary of two voids it is oriented positively on one void, and negatively on the other.
We have a boundary matrix d;z11 whose columns are the voids and whose rows are the d-simplices.
From the embedding and the consistent orientation we see that 0z;1 is the edge-vertex incident
matrix of the directed dual graph: the directed graph whose vertices are in bijection with the
voids and whose edges are in bijection with the d-simplices of K. The direction of the edges are
inherited from the orientations of the d-simplices. For a d-simplex ¢ on the boundary of voids
V1 and Vi we denote the dual edge by o* = {v],v5} and we define the dual weight function by
w*(0*) = 1/w(o).

We construct an additional chain group Cyzi1(K) with the bounded voids as basis elements.
This is a purely algebraic construction, meaning basis elements of Cy11(K) do not correspond to
(d 4 1)-simplices. We can also define a boundary map 9411 : Cyy1(K) — Cy4(K), where 9V is the
boundary of the void V; as described above. This gives rise to a new chain complex

0= Can (K) 258 o) 25 L 24 cy(K).

Since the boundaries of the voids generate the d'" homology group of X and Cy(K) is generated
by these voids we obtain a valid chain complex. Moreover, we have that dim Hy(K) = 0 in our new
chain complex.

In addition to a dual graph, we define the dual complex of K, denoted I*, by defining the
dual chain groups Ci(K*) via the isomorphism Cy_j41(K) = Ci(K). Importantly, note that only
Co(K*) and C1(K*) correspond to the chain groups of a simplicial complex (the dual graph),
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while the higher chain groups C;(K) for i > 2 are a purely algebraic construction. Moreover,
we define the dual boundary operator 0;: Cy(K*) — Cr_1(K*) to be the coboundary operator
dd—k+1: Ca—r+1(K) = C4—1(K) of K, and the dual coboundary operator d;: Cy—1(K*) — Ci(K*)
to be the boundary operator 9y_j11: Cy_p1+1(K) = Cy_(K) of K. In other words the (co)boundary
operators commute with the duality isomorphism. We summarize the construction in the following
commutative diagram.

0, 0, 0
Cay1(K) <§—+> Cq(K) <5df1> e 5 Co(K)

O I

5 57 5
Co(K*) +—— C1(K*) +—— -+ Cgy1(K¥)
eh 93 0741

We need to make one additional assumption on the location of the input (d — 1)-dimensional
cycle v which makes our setup a generalization of a planar graph with two vertices s and t appearing
on the same face. We assume that there exists a void V; with two unit y-flows I'; and I's such that
supp(I'1) Nsupp(I'2) = 0 and supp(T'1) Usupp(T'2) = supp(dys+1V;). That is, there exist two unit
~v-flows whose supports partition the boundary of the void V;. For example, the support of the cycle
~ could be the equator of a sphere, and the support of the cycles I'y and I's could be the north and
south hemispheres. This generalizes the fact in planar graphs that when s and ¢ are on the same
face we can find two st-paths which partition the boundary of the face. In planar graphs we are
guaranteed to find two such paths, however for an arbitrary (d — 1)-cycle v we are not guaranteed
to find two unit «-flows partitioning the boundary of some void. More specifically, we take I's to be
a unit (—y)-flow so that 94I's = —v. In the planar graph analogy this is equivalent as viewing I';
as a path from s to ¢ and viewing I's as a path from ¢ to s. We add an additional basis element X
to Cy(K) such that 943 = —. In planar graphs this is equivalent to adding an edge directed from
t to s. The addition of this edge splits the face containing s and ¢ into two. In higher dimensions,
the geometry of adding another d-simplex to fill v is more complicated, but the addition of ¥ to
Cy4(K) allows us to perform a purely algebraic operation to our chain complex that behaves as if
Vi has been split into two; namely, we remove V; from Cy;1(K) and replace it with two new basis
elements Vi and V;. Next, we extend the boundary operator to Vs and V; in the following way:
04+1Vs = T'1 — ¥ and 0441V; = 'e + 2. In the dual complex, the vertices dual to Vi and V; are
denoted s* and t*, and the edge dual to X is denoted ¥* = {t*, s*}.

C.2 Effective capacitance is Dual to Effective Resistance.

In this next section, we will show that the effective capacitance of v in a subcomplex £ C K
is equal to the effective resistance between s* and t* in the dual complex £* C K*, where L* is
defined as being the subgraph of K* with all of the vertices of * but only the edges dual to the
d-simplices not in L.

The effective resistance between s* and t* in L£* is determined by the unit s*t*-flows in L£*.
However, it will be convenient to work with circulations instead of flows. A unit s*t*-circulation
f is a 1-cycle such that f(X*) = 1. Recall that ¥* is the edge directed from t* to s*, so a unit
s*t*-circulation is just a unit s*t*-flow with additional flow on the edge X* to the cycle. Clearly,
there is a bijection between unit s*t*-flows and unit s*¢*-circulations. We define the flow energy of
a circulation to be equal to the flow energy of its corresponding flow.

Theorem C.1. Let K be a d-dimensional simplicial complex embedded into R, and let £L C K
be a subcomplex. Let v € Cy_1(K) be a (d—1)-cycle such that there exist two unit y-flows I'1, I'y €
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Cy(K) with supports that partition the boundary of some void V;. Then the effective capacitance
Cy(L,K) is equal to the effective resistance Rgxp+(L").

Proof. Let p be a unit y-potential in £, and define f € C1(L£*) to be the image of §4_1p under
the duality isomorphism; that is, f = 05p*. The 1-chain f is a circulation in the 1-skeleton of
L*. Further, since ¥* = {t*, s*} the circulation f corresponds to a unit s*t*-flow by the following
calculation:

fIer =plos =pty =1.

Next, we calculate the flow energy of f and show it is equal to the potential energy of p.
fer)?
W=
e*eLy w (6 )

= > flo*) uw(e)

e*eLy

= > p(0)w(o)

O‘EICd\l:d
= J(p)

Conversely, let f* be the minimal-energy unit s*t*-circulation in £*. By the assumptions
outlined in the previous section, we have dim Hy(K) = 0, which in turn gives us dim H; (K*) = 0.
Hence, f* € imd;. Let p* € Co(L*) with 05p* = f*; we will show that p is the unit v-potential in
L in bijection with f*. To see that p is a unit ~-potential we compute its value on ~:

pT'y = pTadZ = (6d_1p)TZ = (8§p*)TZ* = (f*)TE* =1.

Moreover, as 93p* = f* and f* has its support on £} (which is defined to only have edges dual to
the d-simplices in K\ £), then d;_1[L]p = 0, so p is a unit y-potential in L.

It remains to show that the potential energy of p is equal to the flow energy of f*. We have the
following calculation:

T = 3 baip(o)ulo)
oc€q\Ly

B 8a-1p(0)?

- JE’CZd\[:d w (U*)

_ 93p*(0*)?
_U*EZE’I‘ w*(a*)

_ fr(o*)?

- U*EZE’{ w*(a*)

= ().

D Evaluating the span program for null-homology testing.

In this section, we give a quantum algorithm for evaluating the null-homology span program.
Our algorithm is inspired by and generalizes the quantum algorithm for evaluating st-connectivity
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span program in graphs. The first quantum algorithm for evaluating the st-connectivity span
program was given by Belovsz and Reichardt [5]; however, we follow the slightly different algorithm
introduced by Ito and Jeffery [36]. We are also greatly indebted to the presentation of this algorithm
given by Jeffery and Kimmel [3§], from which our algorithm is adapted.

The algorithm for evaluating a general span program P = (H,U,|r), A) is to perform phase
estimation of the vector |wp) := A™|7) on the unitary operator U = Ry (y) Rier 4 Where the notation
Rg denotes the reflection about the subspace S. (The unitary Rg = 2Ilg — I, where Ilg is the
projection onto S.) Intuitively, if x is a positive instance, then |wg) will be close to an eigenvector of
U with phase 0. If z is a negative instance, then |wg) will be far from any eigenvector of U of phase 0.
If we want to evaluate the function f : D — {0, 1}, we need to perform phase estimation to precision
0 (1/\/W_(f, P)W+(f,77)). The algorithm for phase estimation of a unitary U to precision O(J)
performs O(1/§) implementations of the unitary U [41], so the algorithm for evaluating the span
program P = (H,U,|T), A) requires O (\/W,(f, PYWL(f, P)) implementations of U. We now
analyze the time complexity of implementing the unitary U.

The reflection Ry;(x) can be implemented with two queries to O,. This reflection is the same
as the reflection across the good states in Grover’s Algorithm. The rest of this section is devoted
to an implementation of Ry g.

Recall that ker 9; C Cy(K). The idea behind the implementation of Rye 9 is that instead of
reflecting across ker 0y directly, we can embed Cy(K) into Cy_1(K) ® Cy4(K) by sending |7) —
c|0T)|T) (where ¢ is a normalization constant). We can then implement the reflection Rye 9 by

implementing a series of “local reflections” on the basis |07)|T).
We consider two subspaces B and C of Cy_1(K) ® Cy(K). The spaces B and C are defined:

1
Vd+1

B = span {|bT> = Or)|7) T € /cd}

and

s | deglo)

The space Cyq_1(K) ® C4(K) has basis {|o)|T) | 0 € K41, 7 € K4}. The vector |b;) is non-zero
on a basis element |o)|7) if and only if ¢ is in the support of the boundary of 7. Similarly, a
component of |c,) is non-zero on |o)|7) if and only if 7 is in the support of the coboundary of o.
The vector |b;) can be thought of as being like the boundary of 7, with the additional property
that the set {|b;) | 7 € Cy4(K)} is orthonormal. Similarly, the vector |c,) is like the coboundary of
o but orthonormal.

We also define operators that embed Cy(K) and Cy_1(K) into B and C respectively. We define
linear operators Mp: Cy(K) — B and M¢: Cyq—1(K) — C as follows:

Mp =) |br)(rl,

TEKY

C = span {]cg> = Z w(o) lo)|T) 10 € ICdl} :

and

Mg = Z |CU><0|‘

geq_1

As the columns of Mp and Mg are orthonormal, both operators are isometries.
We introduce the matrices My and Mp as they have the property that ker MgM B = ker0,
which we prove in the follow lemma. This fact will give us a way to implement Rye; 9.
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Lemma D.1. ker MgMB = ker 0.

Proof. We first calculate the matrix MgMB. We then argue that ker MgMB = kerd. For a
(d—1)-simplex o and a d-simplex 7, we have that

w(T) .
w(T) , - (o|07T) ifoCT
(colbr)y = g ————(o|oT){r'|T) = (d+1) deg(o)
TekgioCT V deg(a) 0 Otherwise

So (¢s|br) is non-zero if and only if ¢ is in the boundary of 7. We use this to calculate the product
M} Mg
ciiB

MiMp = > N |o)eolbr)(r

O’EKd 1 TEICd

YoV “‘aﬂ 7]
\/ (d+1) 2= /deg(o)

[ ¥ 2> amene

(d+1) o€Kq-1(K) deg() TEK

S ML PV )
@1 o e, Ve

The term lo){o
deg(o)

‘o‘><a“ . . . . . A - .
> o€Ka 1 Jaeglo) is a diagonal matrix. Accordingly, the matrix 9 is OvVW with each row scaled.

Scaling the rows of a matrix does not change its row space or kernel, so ker MEM B = ker 0. O

. . . . 1
is all-zeros matrix except for the (o, o)-entry, which is T The sum

The spaces B and C and the matrices Mp and M are inspired by the follow lemma of Szegedy
which is necessary for implementing Ry, 5.

Lemma D.2 (Szegedy [65], Theorem 1). Let Mp and Mc be matrices with the same number of
rows and orthonormal columns, and let B = span Mg and C' = span Mc. The matriz MgMB has

singular values at most 1. Let cosfy,...,cos 0 be the singular values of MgMB in the range (0, 1).
Let U = RcRp. We can decompose the eigenspaces of U as

e The (+1)-eigenspace of U is (BN C) @ (B+NCL).
e The (-1)-eigenspace of U is (BN C+) @ (B+NC).
o The remaining eigenvalues of U are e¥2%i for 1 < j < k.

The following lemma gives us a way to implment the Ry. 5. Let Ry— be the rotation about
(—1)-eigenspace of U, and let V = M;RU_MB. The matrix V' embeds C4(K) into B with Mp,

performs a reflection on B about the (—1)-eigenspace of U, and unembeds with M]TB. The following
lemma proves that V = Ryer 9.

Lemma D.3. The matriz V = M;_[?RUf Mpg satisfies the equality V = Ryera.
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Proof. We first verify that V is a reflection; that is, we show the eigenvalues of V' are 1 and -1.
The matrices Mg and Mg have orthonormal columns, so we can use Lemma to characterize
the eigenspaces of U. The (—1)-eigenspace of U is (BN C+) @ (B+ N C) and the (+1)-eigenspace
of Uis (BNC)N (B+NCY). As the spaces (BN C) and (BN Ct) span B, then Ry- restricted
to B has eigenvalues 1 and -1. As B=im Mp and V = M;;RUf Mp, then we conclude that V has
eigenvalues 1 and -1 as well.

Now that we have determined that V is a reflection, we need to determine which subspace
V reflects across. A corollary of the previous paragraph is that a vector [¢p) € Cy(K) is in the
(4+1)-eigenspace of V' if and only if Mply) is in the (—1)-eigenspace of U. Specifically, a vector
|) is in the (+1)-eigenspace of V if and only if Mp|y) € C+. As O+ = ker Mg, the vector |v)
is in the (+41)-eigenspace of V' if and only if ) € ker MgM B. We proved in Lemma that
ker MgM B = ker 0, so we conclude that V = Ryer g ]

We have a matrix V that implements Ry 5; next, we analyze the complexity of implementing
V. We start by analyzing the complexity of implementing Ry—, the reflection across the (—1)-
eigenspace of U.

We implement the reflection around the (—1)-eigenspace of U using phase estimation, an algo-
rithm introduced by Magniez et. al. [49]. The algorithm is as follows. We first estimate the phase
of U to some degree of accuracy to be specified shortly. Intuitively, we need to estimate the phase
of U to high enough accuracy to distinguish between —1 eigenvalues of U and eigenvalues of U
close to -1. We then perform a reflection controlled on the estimated phase.

The phase gap of a unitary U with eigenvalues {e,... e®} is min{|6;| : §; # 0}. The
following lemma shows that the phase gap determines the complexity of reflecting across the 1-
eigenspace of U.

Lemma D.4 (Magniez et. al. [49], Paraphrase of Theorem 6). Let U be a unitary with phase gap
0. A reflection around the 1-eigenspace of U can be performed to constant precision with O (%)
applications of U.

The phase gap measures gap between the 1-eigenspace of a unitary and all other eigenvalues.
We are interested in the gap in phase between the (—1)-eigenspace of U and the other eigenvalues
of U. This is precisely the phase gap of —U. The following lemma analyzes the phase gap of —U
and gives the complexity of reflecting about the (—1)-eigenspace of U.

Lemma D.5. We can implement Ry- with O (1 /gi_l) calls to U, where ;\m-m 18 the smallest
non-zero eigenvalue of the normalized up-Laplacian of K.

Proof. We need to calculate the phase gap of —U to determine the precision to which we need to
estimate the phase of U. Observe that if 6 is the phase of an eigenvalue of U, then 6 + 7 is the
phase of an eigenvalue of —U. We can bound the phase gap of —U using Lemma [D.2] The non-zero
eigenvalues of U are {e*"?%};, where {cos;}; were the singular values of MéM B. Therefore, the
phases of —U are {£|m — 26;|};. Using the inequality that 7/2 —6; > cos#; for 6; € [0, /2], then
the phase gap of —U is bounded below by

| — 20;] > 2cos0; > 2 - Oin( M Mp)

where amin(MgM p) is the smallest singular value of MgM B.
We can actually relate the smallest singular value of MéM B to something more meaningful.

By the proof of Lemma |[D.1| the matrix M(TJMB = \/dlﬁD_l/%)\/W, where D is the diagonal
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matrix with the degrees of the (d—1)-simplices on the diagonal. Thus, (]\42~MB)(M2MB)T =
d—}rlD_l/28W5D_l/2 = ﬁD’l/zLD_l/Q. Recall from Section [2f that the matrix D~Y2LD~1/2
is the normalied up-Laplacian. The singular values of a matrix A are the square roots of the

eigenvalues of AAT. Thus, the smallest singular value of MgM B, and the phase gap of —U, is

Q ( iﬁf) , where Apmin is the smallest eigenvalue of D~Y/2LD~1/2. Therefore, by Lemma [D.4] we

can implement Ry- with O < %) calls to U. O

We are almost ready to give the running time for V' = Ry, 9, but first, we need to make a delicate
distinction. The matrices Mp and M¢ have orthonormal columns, but they are not unitary. We
can see this as ker M]T3 # 0 and ker Mé # 0. As Mp and M¢ are not unitary, they cannot be
implemented on a quantum computer. Fortunately, it suffices to implement unitaries Ug and Ug
such that Up|c, (k) = Mp and Uc|c, ) = Mc. With this in mind, we can give the running time
for V = Rkera-

Lemma D.6. There is an algorithm to perform Ryero in time é( f\l#(TB + TC)>, where Tp

min

and To are the times to perform the unitaries Up and Ug respectively.

Proof. Lemma shows that Ryerg =V = MJTBRU_ Mp. We can equivalently run U;RU_ Up. As
Up takes Tz by definition, we only need to show we can implement Ry— in O(1/(d + 1)/ Amin (Tp+
Tc)) time. Lemma [D.5 shows we can implement Ry— with O(1/(d +1)/Amin) calls to U, so we

need to show we can implment U in O(TB + T¢). The unitary U = RcRp, and we claim we can
implement Ro and Rp in O(T B) and O(Tc) respectively. We can implement Rp as UgRx dU]TS,
where Ry, reflects across the basis states {|0)|o) | o € Kq}. We can check if a quantum state is
of the form |0)|o) in O(logng) gates (specifically, by checking if the basis state is within a certain
range), so the unitary Ry, takes O(logng) gates, and Rp takes O(Tg) time. The unitary Rc takes

O(T¢) time by the same argument. O

The running time Tp is dependent on how the boundary maps are loaded into the quantum
algorithm. We propose a method of storing the boundary maps in a quantum computer called the
incidence array. The incidence array is adapted from the adjacency array introduced by Durr
et al. [I8] to store the adjacency between pairs of vertices in a graph.

For a d-simplex 7 = {wp,...,vq}, the down-incidence array is the function g : |7)[5)|0) —
|7)|7) |7\ {vj}) for 0 < j < d. The simplices in the boundary of 7 have alternating sign. To address
this, we also perform a negation conditioned on the parity of |j) to compute (—1)7|7)|5)|7 \ {v;}).

Durr et al. [I8] claim that queries to the incidence array can be performed in logarithmic time.
As the down-incidence array is identical to the adjacency arrayﬂ queries to the down-incidence also
take logarithmic time. We can compute the state |07)|7) with the down-incidence array and the
following lemma.

Lemma D.7 (Cade, Montanaro, Belovs [9], Implicit in the proof of Lemma 2). Let f : [m] — [k] be
a function, and let Oy be an oracle that computes Oy : |i)|0) — |i)|f(i)). The state \/—% Yol f @)
can be computed with O(y/m) queries to Oy and O(polylog(m)) additional gates.

Corollary D.8. The unitary Up can be implemented in O(\/&) queries to the up-incidence array
and O(V/d) time.

8The down-incidence array is actually an adjacency array of a graph related to simplicial complexes, namely, the
incidence graph between the (d—1)- and d-simplices.
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It is harder to produce a generic implementation of Us than Up. The d-simplices can have
arbitrary weights, so constructing the states |c,) in general requires constructing arbitrary quantum
states with real coefficients. However, the weights on the simplices do not affect whether or not a
cycle is null-homologous. Therefore, we can always run our null-homology test on the unweighted
complex; the trade-off is that the effective resistance or effective capacitance might be higher in the
unweighted complex. We analyze the running time of the unweighted case in Section

We now analyze the complexity of constructing the initial state |wg)/|||wo)||. To construct the
dummy state, we start by adding an additional “d-cell” |()) to the complex with boundary |v)
(really, we just add |y) as a column to 0.) The new cell will have non-trivial overlap with |wg), so
we can construct |wg) by amplifying this component of |#). We outline this method in the proof of
Theorem but first, we state Lemma which is a generalization of the parallel formula for
effective resistance; its proof is nearly identical to the proof of Theorem [B.2]

Lemma D.9. Let V = Vi ® Vo be a vector space. Let A : V. — U be a linear map, and let
Ay :Up =V and Ag : Uy — V be the restriction of A to Uy and Us. Let |t) € im Ay Nim A C U.
If |s) = A*|t), |s1) = AT |t), and |s2) = AS|t), then

1 1\ !
Il < ( n )
1]l [ls2]?

FEquality is achieved when im A; Nim Ay = span{|t)}. In this case, |s) = t|s1) + (1 — t)|s2) where
t= [[sal?/(Is1ll* + lIs2]1%).-

Theorem D.10. Let Oy be the oracle that takes Oy : |0) — |v). Let T, be the time it takes to
implement O.. The state |wo) = d%|7y) can be created in O((1/1/R~(K)++/Ry(K))(Ts+Tc+Ty))

time.

Proof. We append |y) as a column to 0 to create a new matrix . Let |0) be index of the new column,
s0 0 =8+ |7) (0. Let [wh) = dt|y). We conclude that |@) = |w)) + |wj) where [wjit) € kerd, as
the projection I, _ 5. |0) = 979[0) = 0 |y) = |uip).

We construct |wg)/|||wo)|| in two steps. First, we use amplitude amplification to amplify the |wy)
component of |)). We then use a second amplitude amplification to amplify the |wg) component
of Jw()). These amplitude amplifications are nested, as we need to perform the first to create the
initial state for the second.

If we perform constant time phase estimation of [()) on the unitary R, 5, then we can map
|0) to |0)|wh) + [1)|wg). We can then amplify the amplitude of |0)|wg) part arbitrarily close to
o)/ lo)l| using O((l[uwo) | ) calls to Ry, 5.

We calculate |||wp)|| using the formula from the lemma. The vector |()) has length 1, so Lemma

[D.9 shows that .
N 1 T Ry(K)
0= (55 1) = =

Thus, we need to perform the reflection R, 4 a total of O(|||wo)]| ™) = O(/(R+(K) + 1)/R~(K))
times to create |wo)/|||wo)]|-

The next step in our algorithm is to amplify the |wg)/|||wo)|| component of |w()/|||wg)|l. By
Lemma the state |||wg)|| = t|[|wo)|| + (1 — t)[||0)]] for ¢ = 1/(R(K) + 1). Therefore, the
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|wo)/|||wo)|| component of |wg)/|||wp)|| has norm

o/ wp)| = 75 +“/ e

RV(IC) +1

To return the state |wo)/|/|wo)||, we need to perform amplitude amplification again. We can
create the state |w()) using the amplitude amplification from the previous two paragraphs with
O(y/(R+(K) +1)/R+(K)) applications of Rye o/, and we can reflect across |) in constant time as
it is a basis state. To create |wg)/|||wo)||, we need

O <\/(RW(IC) + 1)/727(16)\/(7@7(;@) + 1)> —0 (\/7%Jr \/%)

applications of R, 5.
We now argue that we can compute R, 5 in O(Tc + Tp + T,) time. As was the case with

Ryer 9, we decompose R, 5 = M};RU, M, for space B and C defined

B =BU{jby) == 1)}

A 1
C =span{ |¢;) = —F———= E % o ek
p {| ) dog(o) + e deg d— 1}

The unitaries Mgz Mg, and Rj;_ are defined analogously to Mp and M¢c. We can implement the
unitary version of these matrices Up in O(Tg + T,) and Up in O(1¢). O

We now summarize this section in the following theorem.

Theorem D.11. Let K be a simplicial complez, v € Cy_1(K) a null-homologous cycle, and K(z) C
K be a simplicial complex. There is a quantum algorithm for deciding if v is null-homologous in
K(z) that runs in time

O(\/(d—Fl)Rn;:i(n)Cmax()( i+ Te) + <\/7+\/737> +TC+T))

where Rmax s the mazimum effective resistance of v in any subcomplex K(y) and Cpax(7y) is the
mazimum effective capacitance vy in any subcomplex K(y) and Ayin is the smallest eigenvalue of the
normalized d up-Laplacian.

D.1 Special cases.

We now consider a few special cases of the null-homology span program. These special cases
will allow us to replace the terms T and T, in Theorem with concrete running times.
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Unweighted simplicial complexes We now consider the case where there are no weights on the
d-simplices, or equivalently, when w(7) = 1 for each d-simplex 7. While computing M¢ is hard in
general, in the unweighted case, we can implement the unitary M¢ using a straightforward oracle.
For a (d—1)-simplex o that is incident to the d-simplices {71,..., 7}, the up-incidence array
is the oracle is the function that maps h : |7)|7)|0) — |7)[4)|0). By Lemma the up-incidence
array can be used to compute |¢;) = —=|7)|67) in O(y/m) time. The unitary Mo computes the

m
state |c,) in parallel, so computing M¢ will take \/dmax queries, where dpax = max, ¢ 1 (K) deg(7)
time. This is summarized in the following lemma.

Lemma D.12. If K is an unweighted simplicial complex, the unitary Uc can be implemented in
O(Vdmax) queries to the up incidence array and Te = O(v/dmax) = O(y/ng) time.

Additionally, if I is an unweighted complex, we can upper bound the quantity %

Lemma D.13. Let K be an unweighted simplicial complex with ng vertices, and let v be a unit-
length null-homologous (d — 1)-cycle in K. Then ﬁ < ng.

Proof. Recall that in an unweighted simplicial complex that R+ (K) = vT(L{ ) T+. As the eigen-
values of L;” | are bounded above by ng (Theorem , then the non-zero eigenvalues of (L;” )"

are bounded below by nio. As v € imL}",, then " (L;” ;) is bounded below by the smallest
non-zero eigenvalue of (L7 )7, i.e nio Therefore, % < ng O
Cycle is the boundary of a d-simplex. We now consider the case that the input cycle v is the
boundary of a d-simplex. In this case, we can implement the oracle O, with the down incidence

array used to implement Mp. We get the same running time for 7', as Tz.

Lemma D.14. If v is the boundary of a d-simplez, there is a quantum algorithm implementing O.,
in O(V/d) queries to the down incidence array and T, € O(V/d) C O(/ng) time.

Summing Up. If we combine our bounds for the case where our complex is unweighted (Lemma

and Lemma |D.13)) and the cycle is the boundary of d-simplex (Lemma [D.14)) with the bound of the
time complexity (Theorem [D.11]), we get the following bound on the time complexity.

Theorem 4.10. Let K be an unweighted simplicial complex with ng vertices, let v € Cy—1(K) a
null-homologous cycle in IC, and K(x) C K be a simplicial complex. Furthermore, assume that -y
1s the boundary of a d-simplex and the complex is unweighted. There is a quantum algorithm for
deciding if vy is null-homologous in K(x) that runs in time

O (\/Rmax(j/).cmax(’}/) ng + m) 9

)\mln

where Rmax(7) is the mazimum finite effective resistance Ry(L) of v in any subcomplex L C K,
Cmax(7) is the mazimum finite effective capacitance Cy(L, L) in any subcomplex K(x), and Amin is
the spectral gap of the normalized up-Laplacian LZ’il[lﬂ.

D.2 Space Complexity.

We now comment on the space complexity of our algorithm. The inner product space Cy_1(K)®

C4(K) has dimension ng_1ng € O((”do) ( d’fl)), so vectors in this space can be represented with
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O(log((") ( d’_‘fl))) = O(dn) qubits. Additionally, the phase estimation step from Lemma takes

O(log(1/Amin)) ancillary qubits, which is O(dng) qubits by the bounds on the normalized spec-
tral gap (Lemma and Theorem |1.2). Finally, the outer phase estimation of Ry ;) Rier o takes
O(log (Rmax(7)Cmax(7))) qubits. Other gates require polylogarithmic ancillary qubits. The space
complexity of our algorithm is comparable to some other QTDA algorithms, as other QTDA algo-
rithms require O (log(1/Amin)) to perform phase estimation of the combinatorial Laplacian [29].

E Construction of the Building Block.

Figure 6: Left to Right: Stellar subdivision, prism, and stellar prism of a triangle.

In this section, we formally describe the “building block” B, that we use to construct the
simplicial complexes Bjj, P, and Q}; with exponentially-large effective resistance and capacitance
in Section A more intuitive, but informal, description of the building block can be found in
Section

The building block By is constructed using two constructions from algebraic topology: the stellar
subdivision and the prism. We will combine these two constructions to make a new construction
we call the stellar prism. The building block By is then a quotient of the stellar prism. This section
will first describe the stellar subdivision, prism, and stellar prism. We then present the construction
of By and prove some of its relevant properties.

E.1 Stellar Subdivision.

Let K be a d-dimensional simplicial complex. The stellar subdivision of K is the d-dimensional
simplicial complex SK that is the union of the (d—1)-skeleton of K and, for each d-simplex o € Ky,
the set of simplices {7 U {v,} : 7 C o}, where v, is a new vertex. See Figure[6] The property of
the stellar subdivision that is key to our construction is that it increases the number of d-simplices
in the simplicial complex.

Observation E.1. Let K be a simplicial complexr with ng d-simplices. Then SK has d - ng d-
simplices.

We can map chains from our original complex K to chains in its stellar subdivision. For each
d-simplex o € K, and any integer k, we define a map b, : Cx(K) — Cr11(SK). Let 7 C o,
and suppose that v, is the (i + 1)st element of 7 U {v,} with respect to the ordering on the
Verticesﬂ that is, if 7 = {wo,...,vx}, then 7 U {v,} = {vo,...,vi—1,05,0i,...,05}. We define
bo(T) = (=1)" - (1 U {v,}) for all k-simplices of the form 7 C o, and b,(p) = 0 for any other
k-simplex .

9Tt is worth noting that it is arbitrary where v, is in the ordering of the vertices, so 4 can be any number in the
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Lemma E.2. Consider by : Cix(K) — Ci11(SK) as defined above. The map b, satisfies 0o b, =
I—b,00.

Proof. As b, is a linear map, it suffices to prove this for the basis k-chains 7 € Cy(K). The
boundary of b,(7) is

(bs()) =(=1)" - 9(r U {vs})
i—1 k

=(=1)" | D=1 (rU o \ {os}) + (1) 7+ D (=17 (U {os)\ {u})

i—1 k
=7+ (=1)" [ D17 (10 {oo )\ {ug}) + D (-7 (7 U {ea} \ {v})
j=0 J=i

We claim that the second term in this sum equals (—1) - b,(97). Observe that for j < i, v, will be
the ith vertex of TU{v,}\{v;}. Likewise, for i > j, v, will be the (i+1)st vertex of 7U{vs}\ {v;}.
Therefore, we have that

|
—

i

k
(—1)1'[‘ (=1)7 - (U {uo} \ {v}) +Z D7 (U {ve b\ {v5})]

[
Il
= o

k
=1 ) b7\ o)+ D1 (1 b (7 {0))]

<.
Il
o

ﬁw

(m\{v;i})] = (=1) - bs(07)

.
Il

O

Using the maps b,, we now define another map S, : Ci(K) — Ci(SK). For k < d, we define the
map S, : Cx(K) — Cr(SK) just to be the inclusion map. For k = d, define S : Cy(K) — Cy(SK)
on each d-simplex o = {vg,...,v4} as Si(0) = by (00).

Lemma E.3. Consider S, : Ci(K) — Cr(SK) as defined above. The map S, satisfies 0 o Sy =
Sy 00.

Proof. For © < d, this is obvious as S is the inclusion map. For i = d, this follows from Lemma

as 05(0) = 0by(0o) = 0o — by00(0) = 0o = S,do. O

E.2 Prisms.

The prism of a simplicial complex K is a triangulation of the space K x [0,1]. To define the
prism of K, we will define the prism of a single simplex o € K; the prism of the entire complex K
is then the union of the prism of its simplices, i.e. PK = UyexPo. See Figure [6]

Assume that o = {wvg,...,vq}. The prism of o is a (d + 1)-dimensional simplicial com-
plex Po with vertices o x {0,1}. The prism contains all simplices of the form 7 x {0} and

range 0 < i < k. Lemmas and summarize the relevant properties of the stellar subdivision for our paper,
and as we will see, these lemmas will hold wherever v, is in the vertex order, so long as the map b, is defined
appropriately.
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7 x {1} for 7 C 0. The remaining simplices of Po are the closure of the (d + 1)-simplices
{(v0,0),...,(v},0),(v;,1),...,(v4, 1)} for 0 < j < d. We denote such a simplex

O'j = {(’Uo, 0), ceey (’Uj,O), (’Uj, 1), ey (vd, 1)}

Note that for a paired of nested simplices 7 C o, their prisms are also nested, i.e. Pt C Po.

As was the case for stellar subdivision, we will define several maps between chains in K and
chains in PK. We abuse notation and define K x {1} := {0 x {1} : ¢ € K}. The first map
I : Cx(K) — Cx(PK) maps chains in K to chains in K x {1}. Specifically, for a d-simplex o € Ky,
we define I1(0) = o x {1}. We define a map I analogously. The following lemma is obvious.

Lemma E.4. Consider I; : Ci,(K) — Ci(PK) as defined above for i = 0,1. The map I; satisfy
Qol;=1;00 fori=0,1.

We now define a map Py : Cx(K) — Cir1(PK). Specifically, for a k-simplex o € K with
o = {vo,..., v}, the corresponding (k + 1)-chain is defined Py (o) = Zfzo(—l)iai.

Lemma E.5. Consider P, : Cy,(K) — Ci41(PK) as defined above. The map P; satisfies P, o0+
0o P* = 11 - I().

Proof. The key points of this proof are essentially identical to those provided by Hatcher [32] in
the proof of Theorem 2.10. O

E.3 Stellar Prisms.

Now we propose a way of combining stellar subdivisions and prisms that we call the stellar
prism. Intuitively, the stellar prism is a triangulation of the space K x [0, 1] where the bottom
copy K x {0} is triangulated the same way as K and the top copy K x {1} is triangulated using
the stellar subdivision. See Figure [6]

We first define the stellar prism of a d-simplex; the stellar prism of a d-dimensional simplicial
complex K is the union of the prism of the (d —1)-skeleton and the stellar prisms of the d-simplices,
ie. SPK = PK9 ! U,ek, SPo.

Let o be a d-simplex. The stellar prism of o is the (d + 1)-dimensional simplicial complex SPo
described as follows. The vertices of SPo are (o x {0,1})U{vs}, where v, is a new vertex. For any
simplex 7 C o, SPo contains both the complex P1 and all simplices of the form {pU{v,} : ¢ € PT}.
Additionally, SPo contains the d-simplex o x {0} and the (d + 1) simplex (o x {0}) U {v,}. If we
let v,y {1} = vy, note that SPo contains the subdivision S(o x {1}).

We now define a linear map between SP; : C;(K) — Cij+1(SPK). For i < d, we simply define
SP, = P,. For i = d, we define SP,(c) = —b,Io(0) — by P.O(0)

Lemma E.6. Consider SP, : Ci(K) — Ci11(SPK) as defined above. The map SP. satisfies
OSP, + SP,0=S.I, — Iy

Proof. For i < d, this follows from Lemma and the fact that SP, = P, and S, = I. We now
verify this for ¢ = d.
We will analyse the boundary of dSP.(c). We find that

0SP,.(0) = —0b,Io(0) — Obs PO(0). (1)

We analyse the two terms in this sum. Using Lemma and the first term of Equation
evaluates to

0b,Iy(0) = Ip(o) — byOly(0)
= IO(J) - 50103(0’)
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Using Lemma the second term of Equation (/1)) evaluates to

b, P.0(0) =P,.0(c) — by0P.0(0)
=P, 8(0’) bo (I — Iy — P.0)0(0)
=P,0(c) — by 110(c) + by Ipd(0) + by P.OI(0)
=P,0(0) — bo110(0) + bsIp0(0)

The first term in this sum is P.0(c) = SP.d(0) as P, = SP, for all dimensions less than d. The
term b,110(c) = by0I1(c) = SyI1(0). Combining the two terms of Equation ([I)), we find that

O0SP,(0) = — 0bsIp(c) — Ob, P.O(0)
= — (Io(0) — bsIpd(0)) — (PO(0) — Sil1(0) + byIp0(0))
=—Iy(o) — P.O(o) + S 11 (0)

E.4 Building Block.

We now describe the building block B,. Let A? be the closure of the d-simplex o = {vo, ..., vq},
and let A denote the (d — 1)-dimensional simplicial complex A4\ {¢}. The building block By
is derived from the stellar prism SP(0A%). Denote the (d — 1)-simplex o x {1} \ {(v;, 1)} as o;.
Observe that the vertices of SP(OAY) are (o x {0,1}) U {v,, : 0 <4 < d}. The building block By
is the simplicial complex obtained by replacing each vertex v,, in SP(0A?) with the vertex (v;, 1).
See the main body of the text for a more intuitive description (but less formal) of Bjy.

We now prove the relevant properties of By.

Lemma 5.10. Let 0 = {vy,...,vq} be a set. There is a d-dimensional simplicial complex By with
vertices o x {0,1} such that

1. By has ©((d + 1)3) d-simplices.
2. there is a d-chain f € Cy(By) such that

(i) Of = 0(0 x {0}) +d- (o x {1})
(i) |If]* € Q((d +1)%)

Proof of Lemma Part 1. To keep track of the simplices, we introduce some notation. Recall
that o; = o \ {v;}. Additionally, we will denote o;; = o \ {v;,v;}. For 0 < k < d, denote the set

o* = {(v0,0),..., (vg,0), (v, 1), ..., (va, 1).

Note that o* is not a simplex in any of the complexes we consider, but some of its subsets will be.
For distinct values 4, j # k, denote the simplex Ufj =0y \ {(v:,0), (v3,1), (v5,0), (vj,1)}. Note that
the subtraction in this definition is redundant, as only one of the vertices (v;,0) or (v;, 1) will be
contained in o*.

First, we count the number of d-simplices in SP(OA?). Fix a (d — 1)-simplex o;, and consider
a (d — 2)-simplex o;; in its boundary. The (d — 1)-simplices in Po;; are those of the form afj
for 0 < k < d, k # i,j. The d-simplices in SPg; are those simplices of the form a U {vg, }-
Additionally, SP(0A?) contains those simplices (; x {0}) U {v,,}. Therefore, the number of d-

simplices in SP(OA?) equals the number of choices of 4, j, and k, plus d + 1 for the d-simplices of
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the form (o; x {0}) U{vo, }. In total, there are (d+1)-d-(d—1)+ (d+1) € O((d+1)3) d-simplices
in SP(OAY)

Now we count the number of d-simplices in By. As we will see, replacing the vertex v,, will
reduce the number of d-simplices, but only by a constant factor. In the case that ¢ > k, then
ij U{(vi, 1)} = a}“, but in the case that ¢ < k, no such simplification is possible. Therefore, the
(d + 1)-simplices in By fall into two sets: {05-g :0 <k <d,j# k} and {Ufj U{(vi, 1)} : 0 <
k <d,j # k,i < k}. Note that the simplices Jé»“ may arise from different stellar prisms SPo; for
different values of i, whereas the simplices of the form ofj U {v;} only arise from the stellar prism
SPo;. However, as there are O((d + 1)?) simplices of the form O‘;-C, O((d + 1)3) simplices of the
form Ufj U {(vi, 1)}, and d + 1 simplices of the form (o; x {0}) U {(v;, 1)}, we conclude that there

are O((d + 1)3) d-simplices in By. O

Proof of Lemma[5.10, Part 2. The simplicial complex By is the one described in the paragraphs
preceding this proof, which is derived from the simplicial complex SP(OA?) by replacing some
vertices. We first describe the chain f in the complex SP(0A%). We then analyse this chain after
we replace the vertices.

Let 0 = {vg,...,vq}. The chain f is defined f := SP,(d0). It is important to note that while
the simplex o is not contained in OAY, its boundary 9o is still a well-defined (d — 1)-chain in
Cy_1(0A%). By Lemma we know that

Of = 0SP,(00) =S,.110(0) — 1p0(0) — SP.00(o)
=S.110(c) — 1p0(o)

We know Iy(90) = d(c x {0}) by the definition of Iy, so to finish the proof, we only need to verify
that S,[10(c) = —d - 9(c x {1}) after we replace the vertices.

For this, we separately consider the value of f on each d-simplex in its support. Recall the
notation o; := o \ {v;}. We can expand this chain using the definition of the boundary map as

d
SuI1(00) =Y (=1)'S.I1 (o).

1=0

Let us now investigate the terms S.I;(0;).

Recall that the operator b,, assigns different signs to a simplex depending on where v, is in the
order of the simplex’s vertices, so assume the vertex v,, is ordered between (v;_1,1) and (v;y1,1)
in the ordering of the simplices. In this case, v,, is the ith vertex in the simplex I;(o;) U {v,, } for
j < and in the (i + 1)st position for j > i. Therefore

S 1q (UZ) :baiall (JZ)

1—1 d
=bo, | Y (1) Ii(oij) + > (=17 'L (03))
=0 j=it1
= (1) (=1)" (o) U{ve } + D (1) N (=1)"T(o) U {vs, }
=0 j=it+1
=D D (= h(oy) Uve} + Y (1) Ti(o) U{vo,}
=0 j=it1
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Therefore, when we replace the vertex v,, with (v;,1), we find that

d i—1 d
SuL(0{vo, .. val) = D (=1 | D (=) Ii(oy) + > (1) Li(0y)
i=0 j=0 j=i+1

Note that each term I;(o;) appears d times in this sum, once for each i # j. Moreover, each time
the term appears, it has sign (—1)7. We conclude that S.I;(d{vo,...,vq}) = —d - (o x {1}), as
claimed

We now analyze the size of f. We know that f = SP,(0c). We can analyze this sum linearly
as

(=1)'SPi(03)

M-

f = SP.(90)

@,
a
o

(=1)"(=bo,Lo(07) — bs, P.O(071))

Il
=)

)

By the first term in the sum, the chain f assigns value £1 to each d-simplex (o; x {0}) U {v;}.
Likewise, were we to expand the second sum, we would find that f assigns value 1 to all simplices
of the form afj U{(v;,1)}. By Part 1 of the lemma, we know there are ©((d + 1)) such simplices.
We conclude that the squared norm || f||? is Q((d + 1)3). O

F Collapsibility of the complex.

In this section, we will prove that the complexes B} and P} from Section collapse to (d—1)-
dimensional subcomplexes. This will imply that ker 04(B};] = 0 and ker 04[P}}] = 0.

F.1 Preliminaries.

In this section, we introduce the necessary background on collapsiblity.

A (d — 1)-simplex 7 is a face of a d-simplex o iff 7 C 0. The pair (0,7) is a collapse pair
in K iff (i) 7 is a face of o, and (ii) 7 is not the face of any other simplex in K. The complex
K collapses to the complex K\{o, 7} if (0,7) is a collapse pair in K. More generally, a complex
K collapses into a complex K" if there exists a complex K’ such that K collapses to K/ and K’
collapses to K”. A complex K is collapsible if it collapses into a single vertex.

By the inductive definition of collapsibilty, whenever a complex K collapse into a complex L,
there exists a sequence of complexes K = Ky D K1 D ... D K = L such that for any 0 < ¢ < k,
K; = K;_1\{0i,7:} where (0;,7;) is a collapse pair in K;_1. This sequence is called a collapsing
sequence.

We now give two facts about consequences of collapsibility we use in this paper. Lemma [F.1
is a standard fact about collapsibility we state without proof. Lemma is a non-standard fact
about collapsibility, but one that will come as no surprise to those familiar with collapsibility.

Lemma F.1. Let L C K be simplicial complexes such that K collapses to L. Then L is a defor-
mation retract of K. Consequently, L and K have isomorphic homology groups in all dimensions.

Lemma F.2. Let L C K be simplicial complexes such that K collapses to L. Let~y be a (d—1)-cycle
in L. Then v is null-homologous in L if and only if v is null-homologous in K.
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Proof of Lemma[F.2. Suppose that v is null-homologous in L, and let f1, be a d-chain in Cy(L)
such that df;, = . We can extend f to a d-chain fx in K by setting fx (o) = 0 for any d-simplex
o€ Kg\ Lg. 1t is straightforward to see that 0fx =~ by the linearity of the boundary map, so
is null-homologous in K

Conversely, suppose that « is null-homologous in K, and let fx be a d-chain in Cy(K) such
that 0fx = 7. Consider a collapsing sequence K = Ky D K1 D ... D K} = L with collapses pairs
(04, 7). We will prove by induction on ¢ that there is a chain fx, € Cy(Kj;) for 0 < i < k such that
O0fk, = . This will imply that ~ is null-homologous in L.

For the base case of ¢ = 0, the chain fg, = fx satisfies the claim by assumption. Now suppose
there is a chain fx, € Cy(K;) such that 0f;, = . Consider the collapse pair (o, 7;). In the case
that neither o; nor 7; are d-simplices, then K; and K;;1 have the same set of d-simplices, so fx;,
is a valid d-chain in Cy(K;) and we set fx,,, = fx,. In the case that o; is a d-simplex, then 7
is a (d — 1)-simplex. As 7 € L4_1, then «(7) = 0. This implies that it must be the case that
fr,(oi) = 0. If not, then 0fk,(0;) = £fK,(0i) (a contradiction) as the only d-simplex incident to
7; is 0;. Therefore, we can set fk,,, = fk,. Finally, in the case that 7; is a d-simplex, then o; is
a (d + 1)-simplex. In this case, we set fx, , = fx, — (00i(7;)) - (fx;(7i)) - Oo;. (Note that in this
expression, 0o;(7;) = £1, fk,(0;) is a scalar, and do; is a d-chain.) We need to verify two things
about fx,.,: (1) Ofk,,, = v and (2) fx, ,(7) = 0. Condition (1) is easy to verify as

Ofriyy = 0fk, — (00i(7i)) - (fK,(04)) - 000
= 0(fx,) (as 90 = 0)
=7 (Induction Hypothesis)

Condition (2) is also straightforward to verify.

[ (1) = [, (i) — (00i(3)) - ([, (7)) - Ooi(Ti)
= [K.(7i) — fK;(7i) (as (9o4(7:))* = 1)
=0

Therefore, fx,,, is a d-chain in Cyq(K; 1) with boundary ~.

In all three cases, we can find a d-chain fr, , such that dfg, 7. This proves that v is null-

homologous in L. 0

F.2 The main lemma.

In this section, we will prove the following lemmas about the complexes B} and P} from Section

Lemma F.3. The simplicial complex Bl collapses to a (d — 1)-dimensional subcomplexz.

Lemma F.4. The simplicial complex P} collapses to a (d — 1)-dimensional subcomplez.
For this, we need to prove an auxiliary lemma about the building block from Section [E}

Lemma F.5. There is a collapsing sequence that collapses all d-simplices of By. Furthermore, no
(d — 1)-simplices that are subsets of o x {1} are involved in the collapsing sequence.

Proof. This proof relies on notation introduced in the proof of Lemma[5.10] Part 1. Recall that the
d-simplices of By are of the form {Ué«C 0<k<d,j#k}, {afj U{(vi, 1)} : 0<k <d,j#k,i <k},
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and {(o; x{0})U{(vi, 1)} : 0 < i < d}. We will collapse these d-simplices using the (d—1)-simplices
of the form a}“ \{(vk, 1)}, afj U{(vi, 1)} \{(vk, 1)}, and o; x {0}. To define an appropriate collapsing
sequence, we need to know which d-simplices are incident to which (d — 1)-simplices.

The (d — 1)-simplices o; x {0} are incident to exactly one d-simplex: (o; x {0}) U {(v;,1)}. We
can see this as any other d-simplex will have two vertices with second coordinate 1.

The simplices Ufj U{(vi, 1)} \ {(vg, 1)} are incident to exactly two d-simplices. It is straightfor-

ward to verify that a U {(vi, DI\ {(vg, )} is incident to 0 U {(v;,1)} and Uk+1 U {(v;, 1)} for

j#k,k+1and k< d we can see this as al] U{(vi, 1)} \ {(vk, 1)} = k“ U {(vz, DI\ {(vg41,0)}.

For the case of special case of j = k + 1, we can see that o iken) Y {(vz, P\ {(vk, 1)} = fdﬁl) U

{(vi, D} \ {(vg42,0)}, so ak'(kﬂ) U {(vi, 1)} \ {(vk, 1)} is instead incident to af(kﬂ) U {(v;,1)} and

f@il U {(v;, 1)}. Finally, when k = d, the simplices JU U {(vi, D} \ {(vg, 1)} are incident to

Uzg U{(vi, 1)} and (o7 x {0}) U {(v;, 1)}.

Lastly, the simplex a}“ \ {(vk, 1)} is incident to exactly three d-simplices. We see that aé‘? \
{0 1)} = 0 {0100} = 052U {1 D\ (02,0} when s £ + 1 and < d— 1,

and of ; \ {(vp, 1)} = U,l§+2 \ {(vg42,0)} = k]ﬁz U {(vg42, D)} \ {(vg+3,0)} when k = j + 1 and
k < d — 1. Finally, we consider the case o% k = d — 1. By the construction of By, we know

that a;.if = ad] ! for some i. We know that i > d — 1, so we conclude that i = d. This implies

J;»i_l \ {(vg—1, 1)} = de YU {(vg, D} \ {(vg_1,1)} is incident to the two d-simplices: O’? 1 and
(0q x {0}) U{vg, 1}

We now describe a collapsing sequence for B. We know that o; x {0} is only incident to
a; x {0} U{(v;,1)}. We therefore collapse each simplex o; x {0} onto o; x {0} U {(v;,1)}.

Now ﬁx 0 <i# j <d. For k starting at d and iterating backwards to i, we can collapse the
simplices 0 U {(vi, 1 )} \ {(vg, 1)} into the simplex a -U{(vi, 1)}; this collapse is valid as the other
simplex 1n(:1dent to a U A{(vi, D\ {(vg, 1)} was collapsed in a previous iteration. These collapses
remove all simplices of the form afj U {(vi, 1)}.

Now fix an integer j. For k starting at d — 1 and iterating backwards to 0 (and skipping j), we
will collapse 0;-“ \{(vj,1)} into Uf. Initially, this is a valid collapse as the simplex U;-i_l \{(vg—1,1)} is
only incident to 0'?_1 and (o4 x{0})U{(vg, 1)}, and the second simplex has already been collapsed.
For the other values of k, the only simplices incident to af \ {(vg, 1)} were either removed in the
previous iteration or in the series of collapses from the previous paragraph.

Finally, no (d — 1)-simplex in K x {1} was collapsed, as all of the simplices that were collapsed
have at least one vertex with second coordinate 0. Ul

We can now prove Lemmas and

Proof of Lemma[F.3 Recall that Bj is constructed by gluing together a d-simplex, denoted Bg,
and n copies of By, denoted B}, for 1 <4 < n. We will therefore prove that we can collapse each of
the d-simplices of Bfi for n > ¢ > 1 by induction on ¢ in reverse order.

For the base case of i = n, we know we can collapse each of the d-simplices of B);. By Lemma
we know we can collapse all d-simplices B, and the collapsing sequence does not collapse any
(d — 1)-simplex on the vertices o x {1}. As the only (d — 1)-simplices in B} that are incident to
other d-simplices are simplices in o x {n — 1}, then we know we can collapse all d-simplices of BY.

Inductively, we know that none of the (d — 1)-simplices needed to collapse B! have previously
been collapsed, as the only (d — 1)-simplices of B! that are (d — 1)-simplices of By, for j > i are
subsets of o x {1} in B:H, which we know have not been collapsed. Finally, we can collapse the
unique d-simplex in BY, as none of the (d — 1)-simplices of Bg have previously been collapsed. [
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Proof of Lemma[F.Z. The proof of this theorem is nearly identical to the proof of Lemma [F.3]
above, so we exclude details and instead sketch the proof. Recall that P7 is constructed by gluing
together n copies of By, denoted Bé for 1 <i <n. As in the previous proof, we can prove that we
collapse each of the d-simplices of B!, for 1 < i < n by induction. This works because, inductively,
the only (d—1)-simplices in B/, that are incident to d-simplices outside of B are subsets of o x {1}.
As in the previous proof, this is sufficient to prove that we can collapse the d-simplices of Bé. O

57



	Introduction.
	Our Contributions.
	Related Work.

	Preliminaries.
	The Incremental Algorithm for Computing Betti Numbers.
	A Quantum Algorithm for Null-Homology Testing.
	A Brief Introduction to Span Programs.
	A Span Program for Null-Homology Testing.
	Witness Sizes of the Null-Homology Testing Span Program.
	Background: Effective Resistance and Effective Capacitance.
	Effective Resistance and the Spectral Gap.
	Effective Capacitance and the Spectral Gap.
	Connecting Effective Resistance and Capacitance to Witness Sizes.

	Time Efficient Implementations of the Span Program.
	Runtime of the Quantum Incremental Algorithm
	Comparison with Existing Algorithms.

	Bounds on Effective Resistance and Capacitance.
	Upper Bounds
	Upper Bounds on Effective Resistance
	Upper Bounds on Capacitance.
	Upper Bound on Relative Torsion.

	Lower Bounds.
	Lower Bounds on Effective Resistance
	Lower Bounds on Capacitance.


	Bounds on the Spectral Gap
	Exponentially-small spectral gap.
	Many Small Eigenvalues.
	Clique-Dense Complexes.
	Variants of the Laplacian.
	Boundary Matrix.
	Normalized Laplacian.
	Persistent Laplacian.


	Conclusion and Open Questions.
	Proof of lem:normalizedvsunnormalizedspectralgap
	Properties of Effective Resistance: Parallel, Series, and Monotonicity Formulas.
	Duality of Resistance and Capacitance in Embedded Complexes.
	Duality in Embedded Complexes.
	Effective capacitance is Dual to Effective Resistance.

	Evaluating the span program for null-homology testing.
	Special cases.
	Space Complexity.

	Construction of the Building Block.
	Stellar Subdivision.
	Prisms.
	Stellar Prisms.
	Building Block.

	Collapsibility of the complex.
	Preliminaries.
	The main lemma.


